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Introduction

Ordinary Differential Equations (ODEs) appear naturally when describing dynamical
systems such as in physics ([1] page 4, [2]), chemistry ([3]), or economics ([4], chapters 15
and 16).

In their most general form, differential equations can be spelled out as

x′(t) = f(t,x(t)) (1)

Where x′ : IRD → IRD is the temporal derivative of x : IRD → IRD. While in some of
their earliest applications - such as the study of the trajectory of an object thrown into the
air, or the simple pendulum under the assumption of small angles - they admit analytical
solutions, many actually don’t have closed form solutions. It is therefore necessary to elab-
orate numerical methods that can approximate with great accuracy solutions of differential
equations.

Such is the goal of this report. Throughout this document will be detailed numeri-
cal methods that can approximate solutions to differential equations. Their mathematical
derivation will be given and considerations about their accuracy and stability will be de-
tailed. Such discussions will then make it clear what advantages each method offer in terms
of computational efficiency and exactitude and therefore when they should be used.

Initial value problems (IVP) will be specifically used here. In their general form they
consist of a differential equation as described in 1, given an initial value for the solution x.

x′(t) = f(t,x(t)), x(t0) = x0 (2)

Their approximation will be computed over a certain interval of time, I = [t0, tf ] with
a step size that will be noted h =

tf−t0
N

, where N is the total number of steps.

Numerical methods will be introduced together with a Python implementation, whose
interface and parameters will be described at length to allow an easy use by any interested
reader.

Default ODE solver

A default ODE solver will serve as a baseline comparison to all methods introduced
in this report. It uses the Scipy ode interface1. This interface allows to compute an ap-
proximated solution to any provided differential equation with different methods. For the
baseline, the method specified with the dopri5 denominator, which actually implements the
Dormand Prince 5(4) method following [5].

1https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.ode.html
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Test Problems

The Van der Pol Oscillator

The Van der Pol oscillator arises as the solution of the second order differential equation:

y′′(t) = µ(1− y(t)2)y′(t)− y(t) (3)

Which can be re-arranged into the general ODE form exposed above in Equation 1.

Noting x(t) =

[
y(t)
y′(t)

]
results in the following:

x′(t) =

[
y′(t)
y′′(t)

]
=

[
y′(t)

µ(1− y(t)2)y′(t)− y(t)

]
= f(t,x(t)) (4)

The function
f(t,

[
x1
x2

]
) =

[
x2

µ(1− x21)x2 − x1

]
(5)

Has the following Jacobian matrix:

J(

[
x1
x2

]
) =

[
0 1

−2µx1x2 − 1 µ(1− x21)

]
(6)

The parameter µ controls the sharpness of the limit cycle, and as a result, the stiffness2
of the equation generating the oscillator. Indeed, with an increased sharpness, some regions
of the solution curve display greater variation which can then induce error in the approximate
solution.

The following, Figure 1, which represent numerical solutions for the Van der Pol oscilla-
tor, for µ = 2 and µ = 12 respectively using the default ODE solver presented above, reveal
the influence of µ on the stiffness of the problem. For µ = 12, the spikes of x2(t) induce a
greater variation of the solution than for µ = 2

(a) µ = 2 (b) µ = 12

Figure 1: Van der Pol oscillator simulation with default ode solver. x0 =

[
0.5
0.5

]

2The stiffness of an ODE derives from the numerical instabilities it causes in numerical approximation.
These instabilities are generally the consequence of rapid variations in the solution.
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The A-CSTR

The Adiabatic Continuous Stirred Reactor (A-CSTR) describes a chemical reaction
conducted in an adiabatic CSTR.

The reaction is the following

Na2S2O3 + 2H2O2 →
1

2
Na2SO4 +

1

2
Na2S3O6 + 2H2O

Which can be simplified to

A+ 2B → 1

2
C +

1

2
D + 2E

By noting CA, CB the concentration of reactants A and B and T the output temperature,
the following system of differential equations hold:

x′(t) =

C ′A(t)
C ′B(t)
T ′(t)

 =

 F
V

(CA,in − CA(t)) +RA(CA(t), CB(t), T (t))
F
V

(CB,in − CB(t)) +RB(CA(t), CB(t), T (t))
F
V

(Tin − T (t)) +RT (CA(t), CB(t), T (t))

 = f(t,x(t)) (7)

Where

RA(CA, CB, T ) = −r(CA, CB, T )

RB(CA, CB, T ) = −2r(CA, CB, T )

RT (CA, CB, T ) = βr(CA, CB, T )

(8)

And

r(CA, CB, T ) = k(T )CACB (9)

And finally

k(T ) = k0 exp (
−Ea
RT

) (10)

Which is the Arrhenius equation. It is applied on temperatures evaluated in Kelvins.

The function f that defines the right hand side (RHS) of the differential equation,

f(t,

x1x2
x3

) =

 F
V

(CA,in − x1)− k0 exp (−Ea
Rx3

)x1x2
F
V

(CB,in − x2)− 2k0 exp (−Ea
Rx3

)x1x2
F
V

(Tin − x3) + βk0 exp (−Ea
Rx3

)x1x2

 (11)

Has the following Jacobian:

Page 3 of 102
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J(

x1x2
x3

) =

−
F
V
− k0 exp (−Ea

Rx3
)x2 −k0 exp (−Ea

Rx3
)x1 −k0Ea

Rx23
exp (−Ea

Rx3
)x1x2

−2k0 exp (−Ea
Rx3

)x2 −F
V
− 2k0 exp (−Ea

Rx3
)x1 −2k0Ea

Rx23
exp (−Ea

Rx3
)x1x2

βk0 exp (−Ea
Rx3

)x2 βk0 exp (−Ea
Rx3

)x1 −F
V

+ β k0Ea
Rx23

exp (−Ea
Rx3

)x1x2


(12)

This 3D model can further be reduced to a single dimension, as detailed in [6]. With
CA(T ) = CA,in + 1

β
(Tin − T ) and CB(T ) = CB,in + 2

β
(Tin − T ), the 1D model can be written

as:

T ′(t) =
F

V
(Tin − T (t)) +RT (CA(T (t)), CB(T (t)), T (t)) (13)

And here the function f that defines the RHS of the equation,

f(t, x) =
F

V
(Tin − x) + βk0 exp (

−Ea
Rx

)(CA,in +
1

β
(Tin − x))(CB,in +

2

β
(Tin − x)) (14)

Has the following Jacobian:

J(x) = − F

V
+
k0Ea
Rx2

exp (
−Ea
Rx

)(CA,in +
1

β
(Tin − x))(CB,in +

2

β
(Tin − x))

− k0 exp (
−Ea
Rx

)(CB,in +
2

β
(Tin − x))

− 2k0 exp (
−Ea
Rx

)(CA,in +
1

β
(Tin − x))

(15)

In both models, the flow parameter F plays a key role in the evolution of the states.
When the flow is high, the reactor gets filled with reactants A and B, at a low temperature
(0.5 °C). The concentration of reactants therefore increases and the temperature decreases.
On the other hand, when the flow is reduced, the heat generated by the exothermic reaction
will dominate the effect on the temperature and the reactants will be consumed in the
process, thus reducing their concentrations. Controlling the flow during the reaction is thus
paramount to the control of the evolution of the reaction states. For this reason, the value of
the flow, similarly as what is done in [6] (Figure 1.), evolves during the time interval studied.
Figure 2 demonstrates the evolution considered for this example.

Figure 2: Evolution of the flow F over the integration period

Page 4 of 102
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Please note that all time dynamics were considered on a minute basis and the parameters
of the reaction, available in Appendix A, were adapted accordingly.

Figure 3 demonstrates the approximation of the 3D state of the reaction as determined
by the default ode solver.

Figure 3: Evolution of the state in the 3D model

And Figure 4 its 1D counterpart.

Figure 4: Evolution of the temperature in the 1D model

Page 5 of 102
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Python Interface

All implementations of the methods that will be detailed in this report expose the same
interface and follow the same structure for easier compatibility and reliability. All the solvers
are encapsulated in a function that receives the following parameters:

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):

Where,

• t0 is the initial time

• tf is the final time

• N is the number of steps to use in the simulation

• adaptive_step_size is an optional Boolean option to specify whether the step size
should be adapted during the simulation

• kwargs are any key word arguments passed down for various purposes, such as toler-
ances specifications or parameters of the problem function.

f represents the RHS of the differential equation and is structured as:
1 def f(t, X, ** kwargs):
2 f = ...
3 return f

J represents the Jacobian of the RHS and is structured as:
1 def J(t, X, ** kwargs):
2 J = ...
3 return J

Page 6 of 102
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1 Explicit ODE solver

1.1 Description of the Explicit Euler Method

Let’s consider again an IVP in its general form:

x′(t) = f(t,x(t)), x(t0) = x0 (16)

Assuming that x is infinitely differentiable, it is possible to take its Taylor series, eval-
uated in tk+1 with respect to tk, separated by ∆t = tk+1 − tk = h :

x(tk+1) =
∞∑
n=0

x(n)(tk)

n!
(tk+1 − tk)n =

∞∑
n=0

x(n)(tk)

n!
hn (17)

And by restricting the series to its first two terms, n=0 and n=1, the following approx-
imation arises:

x(tk+1) ' x(tk) + hx′(tk) = x(tk) + hf(tk,x(tk)) (18)

Therefore, if the evaluation of the RHS of the ODE for all tk is possible, and if x0 = x(t0)
is known, this approximation then constitutes a valid way to iteratively and numerically find
an approximation to the solution of the ODE. Instead of determining the exact solution
x(tk) for every tk, a numerical approximation xk ' x(tk) can be computed.

It is called the explicit Euler method.

1.2 Python Implementation

The implementation of the explicit Euler method is straightforward as any new iteration
xk+1 only depends on the previous iteration xk and the evaluation of the RHS function at
the previous iteration f(tk,xk).

1 def ode_solver(f, J, t0, tf, N, x0 , ** kwargs):
2

3 dt = (tf - t0)/N
4

5 T = [t0]
6 X = [x0]
7

8 for k in range(N):
9 f_eval = f(T[-1], X[-1], ** kwargs)

10 X.append(X[-1] + dt*f_eval)
11 T.append(T[-1] + dt)
12

13 T = np.array(T)
14 X = np.array(X)
15

16 return X, T

Listing 1: Implementation of the explicit Euler method

Page 7 of 102
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Figure 5 helps demonstrate how the method works. In black is plotted the true solution
of a simple exponential decay and in green the approximation computed by the explicit Euler
method.

On the left, the step size h was deliberately chosen too large (h = 0.5). The initial
estimation of the slope of the decay is indeed tangent to the slope around 0 but as the step
size is too large, the approximation overshoots the true solution. At the following point, the
slope is re-estimated, and again the large step size leads to an even greater approximation
error. At the end, these accumulated errors result in a poor approximation of the true
solution.

On the right, the step size was chosen much smaller (h = 0.003). Due to this small size,
the overshooting effect witnessed on the left plot is greatly reduced and the approximation
of the true solution seems visually acceptable.

Figure 5: Explicit Euler approximation for large and small step sizes

This demonstrates that the explicit Euler method is greatly dependent on the speed at
which varies the solution, and on the adopted step size. Particularly, it shows that even if
it is very simple and computationally efficient, it is not suited for stiff real problems, which
would require step sizes much too small to be practical to reach adequate accuracy.

This dependence is further illustrated in Figure 6, which clearly shows that the method
might even diverge for too large step sizes.

Figure 6: Divergence of the explicit Euler method.
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1.3 Python Implementation with Adaptive Step Size

Including a step size controller in the method is a good way to alleviate the aforemen-
tioned shortcomings and make the method more usable. Controlling the step size during the
simulation can be notably achieved using an asymptotic step size controller. Such controller
requires the error to be estimated at every iteration to efficiently modify the value of the
step size.

The intuitive idea behind the step size controller, is that for a given absolute tolerance
atol and a relative tolerance reltol, a step k + 1 will be accepted only if the local error lk at
that step is below the threshold

lk < max
i=1...D

(atol, |xk|ireltol) (19)

To avoid impacting the performance of the method too drastically, considerations re-
garding the control of the step size must be local. Thus, the local truncation error will be
used by the step size controller to determine whether a step should be accepted or not. An
efficient way to estimate the local error is to perform step doubling. From previous iteration
xk−1, not only the new iteration xk, but also a doubled step with half step size h

2
- x̂k− 1

2
,

x̂k - can be computed. Their difference then provides an asymptotic estimate of the local
truncation error. To illustrate why, let’s consider again test equation,

x′(t) = λx(t), x(0) = x0 (20)

For a step size, h, it follows that:

xk = xk−1 + hf(tk−1,xk−1) = xk−1(1 + hλ)

x̂k− 1
2

= xk−1 +
h

2
f(tk−1,xk−1) = xk−1(1 +

h

2
λ)

x̂k = x̂k− 1
2

+
h

2
f(tk− 1

2
, x̂k− 1

2
) = xk−1(1 +

h

2
λ)2

(21)

And thus, the estimated error ek will be at each iteration (For insights into the lower
equation of 22, see section 3.2)

|ek| = |x̂k − xk| = |xk−1|(
h

2
λ)2

ek = max
i=1...D

|ek|i = O(h2) ≈ |lk|
(22)

and can then be used to compute

rk = max
i=1...D

([
|ek|

max(abstol, x̂kreltol)
]i) (23)

which is provides a direct way to to know whether the step should be accepted (r < 1)
or not.

For a given numerical method which approximates the true solution of an ODE with
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order p (See again Section 3.2 for details) the local truncation error adopts the asymptotic
behaviour, for small h,

lk = O(hp+1) = F (xk)h
p+1 +O(hp+2) ≈ F (xk)h

p+1 (24)

Where F is a given function of the step xk. One can then wonder what step size h′
would lead to the equality, for a given error tolerance ε.

ε = F (xk)h
′p+1 (25)

These two equations result in an effective method to update the step size, with respect
to the asymptotic behaviour of the error of the method

h′ = h(
ε

lk
)

1
p+1 ' h(

ε

ek
)

1
p+1 (26)

In practice, for the explicit Euler method, the order is p = 1 and the next step size can
be determined from the previous step size with the following asymptotic heuristic3, whether
the step was accepted or not. The notation h′ refers to the new step size computed after
each trial from the previous step size h, de-correlated from the step k, as several step sizes
might be experimented with for a single step.

h′ = max(min_factor,min(

√
ε

rk+1

,max_factor))h (27)

Equation 26 can be understood pretty intuitively. It was indeed seen that ek+1 = O(h2).
Thus if ek+1 is above its asymptotic behaviour, then h2

ek+1
< 1, resulting in a new step size

smaller, and thus a smaller error, closer to what is expected. Conversely, if h2

ek+1
> 1, the

step size will increase.
This demonstrates a key property of methods with adaptive step sizes. When the solu-

tion of the ODE displays very little variation, a large step size will be adopted to efficiently
approximate it, and when the solution displays large variations, a small step size will be
adopted to generate an accurate approximation.

3bounding the update of the step size achieves greater stability.
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(a) Evolution of the global error eN depend-
ing on the error tolerance ε, caeteris paribus,
for the explicit Euler method on the test
equation.

(b) Evolution of the number of simula-
tion steps depending on the error tolerance
ε, caeteris paribus, for the explicit Euler
method on the test equation.

Figure 7: Influence of the error tolerance ε on the simulation.

Figure 7 demonstrates the influence of the error tolerance ε on the approximation. As
it represents the error tolerance for the error of the method, decreasing its value will result
in a lower global error eN , at the cost of more steps, and vice versa. In practice the value
ε = 0.8 is commonly used as a good trade-off between performance and accuracy.

In Figure 8 is presented the computed approximation for the explicit Euler method with
adaptive step size. The same initial configuration was provided than on the left of Figure
5, with an initial step size of h = 0.5. The right part shows clearly the effect of step size
controller. For the first trials, the acceptance criterion, that depends on the estimated error,
is too large and the step size decreases incrementally after each non accepted trials. At the
third trial (iteration 4), the step size reaches around 0.001 and the steps are finally accepted.
The resulting simulation, that can be seen on the left part of Figure 8, is indistinguishable
from the true solution.

Figure 8: Explicit Euler approximation with adaptive step size
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With this adaptive step size, it becomes impossible to obtain a poor approximation due
to an initially large step size. The controller also allows to take advantage of the structure
of the solution; if some sections of the solution present low variations, the step size will
gradually re-increase and thus speed up the simulation process. Nevertheless, the adaptive
step size will not allow the explicit Euler method to be effective to approximate solutions
with great variations along their whole trajectory, as it will still require an unpractical step
size value to stay close to the true solution.

The following Listing finally describes the implementation of the explicit Euler method
with adaptative step size.

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
2 dt = (tf - t0)/N
3

4 T = [t0]
5 X = [x0]
6

7 kwargs , abstol , reltol , epstol , facmax , facmin =
parse_adaptive_step_params(kwargs)

8

9 t = t0
10 x = x0
11

12 while t < tf:
13 if (t + dt > tf):
14 dt = tf - t
15

16 f_eval = f(t, x, ** kwargs)
17

18 accept_step = False
19 while not accept_step:
20 # Take step of size dt
21 x_1 = x + dt*f_eval
22

23 # Take two steps of size dt/2
24 x_hat_12 = x + (dt/2)*f_eval
25 t_hat_12 = t + (dt/2)
26 f_eval_12 = f(t_hat_12 , x_hat_12 , ** kwargs)
27 x_hat = x_hat_12 + (dt/2)*f_eval_12
28

29 # Error estimation
30 e = np.abs(x_1 - x_hat)
31 r = np.max(np.abs(e) / np.maximum(abstol , np.abs(x_hat)*

reltol))
32

33 accept_step = (r <= 1)
34 if accept_step:
35 t = t + dt
36 x = x_hat
37
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38 T.append(t)
39 X.append(x)
40

41 dt = np.maximum(facmin , np.minimum(np.sqrt(epstol/r),
facmax)) * dt

42

43 T = np.array(T)
44 X = np.array(X)
45

46 return X, T

Listing 2: Implementation of the explicit Euler method with adaptive step size

1.4 Test on the Van der Pol Problem

1.4.1 For µ = 2

The explicit Euler method was first tested on the Van der Pol problem with parameter
µ = 2. As mentioned when the problem was described, for small values of µ, the problem
is not so stiff and we can reasonably expect the method to perform not too poorly in its
approximation.

First, the method was applied with a large step size, h = 0.025 for a time interval of

[0, 100] with initial coordinates x0 =

[
0.5
0.5

]
. Figure 9 display the results of the different

simulations
The accuracy of the standard explicit Euler method is pretty poor, as can be seen

on Figure 9, the too large step size results quickly in a divergence with the default ODE
solver, which can be expected to provide an efficient numerical approximation. Nevertheless,
adopting a step size controller allows a clear improvement in performance. The step size
rapidly decreases to a more sensible value and the resulting simulation is indistinguishable
from the output of the default solver.

The method was also ran with a much smaller step size, h = 0.001, resulting in the
simulation displayed in Figure 10

It thus seems that with a smaller step size, the method is able to correctly simulate the
solution for the given parameter, but at the cost of increased computations.
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(a) Explicit Euler method on the Van der
Pol problem

(b) Explicit Euler method with adaptive
step size on the Van der Pol problem

(c) Evolution of estimated error and step
size for the step size controller

(d) Evolution of acceptance criterion and
step size from first few iterations of the step
size controller

Figure 9: Simulation results for large step size on the Van der Pol problem. µ = 2 and
h = 0.025

Figure 10: Explicit Euler method on the Van der Pol problem. µ = 2 and h = 0.001
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1.4.2 For µ = 12

The case µ = 12 was then investigated to study how the increased variation in the
problem influenced the resulting numerical simulation. Here again, the simulation was first
ran with an initially large step size, h = 0.025. It is interesting to note that for some larger
step size values, the solution would diverge completely and result in an overflow.

(a) Explicit Euler method on the Van der Pol
problem. µ = 12 and h = 0.025

(b) Explicit Euler method with adaptive
step size on the Van der Pol problem. µ =
12 and h0 = 0.025

(c) Evolution of acceptance criterion and
step size from the step size controller. Van
der Pol problem, µ = 12 and h0 = 0.025

Figure 11: Simulation results for large step size on the Van der Pol problem. µ = 12 and
h = 0.025

The increased stiffness of the problem is apparent in Figure 11 given the inability of the
resulting approximation to handle the peaks of the oscillator, which correspond to areas with
more variations in the solution. Here again, introducing the step size controller allows for a
much more precise solution. It is interesting to note the variations observed in the step size;
cyclically, the step size is allowed to rise to speed up the simulation, probably corresponding
to ares of low variation (like the slopes leading to the peaks of the oscillator).

The considerably smaller step size h = 0.001 was again used and resulted in simulation
displayed in 12.

Contrary to what was seen for µ = 2, here decreasing the step size to the same level
is not enough to reach a satisfactory approximation. After a few cycles, a clear divergence
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Figure 12: Explicit Euler method on the Van der Pol problem. µ = 12 and h = 0.001

appears between the default ODE solver’s solution and the explicit Euler method’s solution.
This is a good demonstration of why this method should not be used for stiff problems.

1.5 Test on the A-CSTR Problem

Similarly to what was done for the Van der Pol problem, the explicit Euler method was
executed on both the CSTR 1D and 3D models with first a large step size, h = 0.175, and
later with a considerably smaller step size h = 0.00035.

1.5.1 CSTR 1D

Figure 13 displays the result of the simulation with a large step size. It is obvious that
the standard explicit Euler method cannot handle the quick variations of the temperature
T when it increases sharply, at around 15 minutes. The version with the adaptive step size
displays again a greatly more accurate solution, but contrary as what was seen on the Van
der Pol oscillator, cannot approximate perfectly the evolution of the temperature. Indeed,
around minute 23, it displays some lag in its adaptation to the new temperature threshold.
This is probably because the solution right before the step did not display much variation,
and consequently, the step size controller increased the step size before the step.

Nevertheless, decreasing the step size to h = 0.00035 allows the explicit Euler method
to approximate accurately the solution as can be seen in Figure 14

1.5.2 CSTR 3D

The CSTR 3D model displays the same behaviour than its 1D counterpart, as can be
seen in Figure 15 and 16.
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(a) Explicit Euler method on the CSTR 1D
problem. h = 0.175

(b) Explicit Euler method with adaptive
step size on the CSTR 1D problem. h0 =
0.175

(c) Evolution of acceptance criterion and
step size from the step size controller.
CSTR 1D problem, h0 = 0.175

Figure 13: Simulation results for large step size on the CSTR 1D problem. h = 0.175

Figure 14: Explicit Euler method on the CSTR 1D problem. h = 0.00035
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(a) Explicit Euler method on the CSTR 3D
problem. h = 0.175

(b) Explicit Euler method with adaptive
step size on the CSTR 3D problem. h0 =
0.175

(c) Evolution of acceptance criterion and
step size from the step size controller.
CSTR 3D problem, h0 = 0.175

Figure 15: Simulation results for large step size on the CSTR 3D problem. h = 0.175

Figure 16: Explicit Euler method on the CSTR 3D problem. h = 0.00035
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2 Implicit ODE solver

2.1 Description of the Implicit Euler algorithm

Again, coming back to the general form of an IVP:

x′(t) = f(t,x(t)), x(t0) = x0 (28)

Assuming again that x is infinitely differentiable, it is possible to take its Taylor series,
evaluated this time in tk with respect to tk+1 :

x(tk) =
∞∑
n=0

x(n)(tk+1)

n!
(tk − tk+1)

n =
∞∑
n=0

x(n)(tk+1)

n!
(−h)n (29)

And by restricting the series to its first two terms, n=0 and n=1, the following approx-
imation arises:

x(tk) ' x(tk+1)− hx′(tk+1) = x(tk+1)− hf(tk+1,x(tk+1)) (30)

And therefore

x(tk+1) ' x(tk) + hf(tk+1,x(tk+1)) (31)

Obtaining iteratively x(tk+1) here from x(tk) is not as straightforward as for the explicit
Euler method. Indeed, x(tk+1) depends on the value of f(tk+1,x(tk+1)), i.e, on itself. Let R:
IRD → IRD be defined as:

R(x(tk+1)) = x(tk+1)− x(tk)− hf(tk+1,x(tk+1)) = 0 (32)

Determining x(tk+1) is therefore equivalent to determining the multivariate root of the
residual function R. In most cases, no analytical root can be found, so here again a numerical
and iterative approximation must be used. Considering that x[n]

k+1 is the nth iteration of the
approximation of x(tk+1), the first order Taylor expansion of R in x

[n+1]
k+1 with respect to x

[n]
k+1

is:

R(x
[n+1]
k+1 ) ' R(x

[n]
k+1) +

∂R

∂x
(x

[n]
k+1)(x

[n+1]
k+1 − x

[n]
k+1) = 0 (33)

Noting x
[n+1]
k+1 = x

[n]
k+1 + ∆x, and solving, for ∆x

− ∂R

∂x
(x

[n]
k+1)∆x = R(x

[n]
k+1) (34)

Thus constitutes an update rule for the approximation of x(tk+1). It is called Newton’s
method.

Therefore, here again if the evaluation of f and its Jacobian is possible for every tk
and if x(t0) = x0 is known, a numerical method to solve the ODE appears. Iteratively,
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it is possible to determine an approximation xk+1 ' x(tk+1) from the previous iteration
xk ' x(tk) using Newton’s method.

It is called the implicit Euler method.

2.2 Python Implementation

Newton’s method, which will be executed at each step can be implemented as its own
function, as shown in listing below, where for clarifications, x is, as shown in the expression
of R, xk, and x_init the initial guess for xk+1. Iterative updates for guessing xk+1 stop
either when a maximum number of iterations have been reached, hence the presence of the
max_iters parameter, or when the value of the residual function R is sufficiently close to 0,
as measured by the infinite norm, hence the presence of a tol or tolerance parameter; when
the infinite norm of R is below the tolerance, the value of R will be judged sufficiently close
to 0.

1 def newtons_method(f, J, t, x, dt , x_init , tol , max_iters , ** kwargs):
2 k = 0
3 x_iter = x_init
4 t_iter = t + dt
5 f_eval = f(t_iter , x_iter , ** kwargs)
6 J_eval = J(t_iter , x_iter , ** kwargs)
7

8 R = x_iter - dt*f_eval - x
9 I = np.eye(x.shape [0])

10 while ((k < max_iters) & (norm(R, np.inf) > tol)):
11 k += 1
12 M = I - dt*J_eval
13 dx_iter = np.linalg.solve(M,R)
14 x_iter -= dx_iter
15 f_eval = f(t_iter , x_iter , ** kwargs)
16 J_eval = J(t_iter , x_iter , ** kwargs)
17 R = x_iter - dt*f_eval - x
18

19 return x_iter

Listing 3: Implementation of Newton’s Method for the implicit Euler method
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Newton’s method can then embedded into an iterative implementation of the implicit
Euler method as shown by the following Listing.

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
2

3 dt = (tf - t0)/N
4

5 T = [t0]
6 X = [x0]
7

8 kwargs , newtons_tol , newtons_max_iters = parse_newtons_params(kwargs)
9

10

11 for k in range(N):
12

13 # Use explicit form to start off newton
14 f_eval = f(T[-1], X[-1], ** kwargs)
15 x_init = X[-1] + dt*f_eval
16 X.append(newtons_method(f, J, T[-1], X[-1], dt , x_init ,

newtons_tol , newtons_max_iters , ** kwargs))
17 T.append(T[-1] + dt)
18

19 T = np.array(T)
20 X = np.array(X)
21

22 return X, T

Listing 4: Implementation of the implicit Euler method

Even though the implicit method presents additional complexity for its implementation,
and is computationally more intensive, it offers a very interesting property; It is more stable.
Concretely, as shown by Figure 17, the approximation generated by the implicit method
will not diverge away from the true solution, even if the step size is too large. Section 3.6
provides a theoretical explanation for this property. This property is particularly useful to
approximate stiff problems, as the implicit method will not be thrown off the true solution
by its great variations.

Figure 17: Demonstration of the stability of the implicit Euler method. For the test equation
(See Section 3), with x0 = 20, λ = −10 and h = 0.5 the explicit Euler method diverges away
from the true solution while the implicit Euler method gradually converges towards it
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2.3 Python Implementation with Adaptive Step Size

Similarly to what was described in Section 1.3, it is possible to embed a step controller
in the standard implementation of the implicit Euler method to constitute a method with
adaptive step size. Using here again step doubling to estimate the local error, and the
asymptotic step size controller results in the following implementation.

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
2

3 dt = (tf - t0)/N
4

5 T = [t0]
6 X = [x0]
7 controllers = {
8 ’r’: [0],
9 ’dt’: [dt]

10 }
11

12 kwargs , newtons_tol , newtons_max_iters = parse_newtons_params(kwargs)
13

14 kwargs , abstol , reltol , epstol , facmax , facmin =
parse_adaptive_step_params(kwargs)

15

16 t = t0
17 x = x0
18

19 while t < tf:
20 if (t + dt > tf):
21 dt = tf - t
22

23 f_eval = f(t, x, ** kwargs)
24 accept_step = False
25 while not accept_step:
26 # Take initial guess step of size dt
27 x_1_init = x + dt*f_eval
28 x_1 = newtons_method(f, J, t+dt , x, dt, x_1_init , newtons_tol ,

newtons_max_iters , ** kwargs)
29

30 # Take two steps of size dt/2
31 x_hat_12_init = x + (dt/2)*f_eval
32 t_hat_12 = t + (dt/2)
33 x_hat_12 = newtons_method(f, J, t_hat_12 , x, dt/2,

x_hat_12_init , newtons_tol , newtons_max_iters , ** kwargs)
34

35 f_eval_12 = f(t_hat_12 , x_hat_12 , ** kwargs)
36 x_hat_init = x_hat_12 + (dt/2)*f_eval_12
37 x_hat = newtons_method(f, J, t+dt, x_hat_12 , dt/2, x_hat_init ,

newtons_tol , newtons_max_iters , ** kwargs)
38

39 # Error estimation
40 e = np.abs(x_1 - x_hat)
41 r = np.max(np.abs(e) / np.maximum(abstol , np.abs(x_hat)*reltol

))
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42

43 accept_step = (r <= 1)
44 if accept_step:
45 t = t + dt
46 x = x_hat
47

48 T.append(t)
49 X.append(x)
50 controllers[’dt’]. append(dt)
51 controllers[’r’]. append(r)
52

53 dt = np.maximum(facmin , np.minimum(np.sqrt(epstol/r), facmax))
* dt

54

55 T = np.array(T)
56 X = np.array(X)
57 controllers[’dt’] = np.array(controllers[’dt’])
58 controllers[’r’] = np.array(controllers[’r’])
59

60 return X, T, controllers

Listing 5: Implementation of the implicit Euler method with adaptive step size

2.4 Test on the Van der Pol Problem

2.4.1 For µ = 2

The implicit Euler method was first tested on the Van der Pol problem. Figure 18
displays the approximation generated by the implicit Euler method and compares it with
the default ODE for a large step size h = 0.025. In accordance to what was observed for
the explicit Euler method, the standard implementation of the method cannot produce a
satisfactory approximation for that step size. It is nevertheless worth pointing out that the
approximated solution stays contained inside the true solution, and therefore reveals that it
will not diverge, unlike what was seen for the explicit Euler method.

The implementation with the adaptive step size is nevertheless able to adopt after a
few trials a step size small enough to produce a visually satisfying approximation of the true
solution.

When the step size is originally set to a small enough value, h = 0.001, even the
standard implementation is able to produce an approximation that is indistinguishable from
the output of the default ODE solver, as shown by Figure 19.

Page 23 of 102



02686 2.4 Test on the Van der Pol Problem

(a) Implicit Euler method on the Van der Pol
problem. µ = 2 and h = 0.025

(b) Implicit Euler method with adaptive
step size on the Van der Pol problem. µ = 2
and h0 = 0.025

(c) Evolution of acceptance criterion and
step size from the step size controller. Van
der Pol problem, µ = 2 and h0 = 0.025

Figure 18: Simulation results for large step size on the Van der Pol problem. µ = 2 and
h = 0.025

Figure 19: Implicit Euler method on the Van der Pol problem. µ = 2 and h = 0.001
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2.4.2 For µ = 12

Figure 20 displays the approximation generated by the implicit Euler method for a
large step size h = 0.025. Here again, the standard implementation does not produce a
satisfactory approximation, even though the approximation is contained in the true solution
cycle and is thus unlikely to diverge. The version with the adaptive step size is nevertheless
able to adapt the step size along the trajectory of the approximation and thus produce a
good approximation.

(a) Implicit Euler method on the Van der Pol
problem. µ = 12 and h = 0.025

(b) Implicit Euler method with adaptive
step size on the Van der Pol problem. µ =
12 and h0 = 0.025

(c) Evolution of acceptance criterion and
step size from the step size controller. Van
der Pol problem, µ = 12 and h0 = 0.025

Figure 20: Simulation results for large step size on the Van der Pol problem. µ = 12 and
h = 0.025

The increased stiffness of the problem for µ = 12 explains why the method, even for a
considerably smaller step h = 0.001 cannot approximate perfectly the true solution; a clear
divergence appears in Figure 21 between the default ODE approximation and the implicit
Euler approximation after t = 35.
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Figure 21: Implicit Euler method on the Van der Pol problem. µ = 12 and h = 0.001

2.5 Test on the A-CSTR Problem

The A-CSTR problem appears again to reveal interesting properties of the method
under scrutiny. The tests were again performed with two different step sizes, h = 0.175 and
h = 0.00035.

2.5.1 CSTR 1D

First, for the 1D version of the problem, Figure 22 reveals that for a step size large
enough, the implicit Euler method is not able to adapt to the sharp increase in temperature
around t = 13mins. It shows that the stability of the method, even though it is considerably
greater than the stability of the explicit method, is not always guaranteed. It is nevertheless
important to note that with the adaptive step size, the generated approximation is entirely
satisfactory, providing another argument for the use of the implicit version of the Euler
method when the solution displays large variations.

The approximation generated when the step size is reduced is also valid, as showed by
Figure 14.

2.5.2 CSTR 3D

Finally, Figures 24 and 25 show that the approximations generated for the 3D version
of the A-CSTR problem exhibit the same properties as their 1D counterparts.
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(a) Implicit Euler method on the CSTR 1D
problem. h = 0.175

(b) Implicit Euler method with adaptive
step size on the CSTR 1D problem. h0 =
0.175 (c) Evolution of acceptance criterion and

step size from the step size controller.
CSTR 1D problem, h0 = 0.175

Figure 22: Simulation results for large step size on the CSTR 1D problem. h = 0.175

Figure 23: Implicit Euler method on the CSTR 1D problem. h = 0.00035
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(a) Implicit Euler method on the CSTR 3D
problem

(b) Implicit Euler method with adaptive
step size on the CSTR 3D problem

(c) Evolution of acceptance criterion and
step size from the step size controller

Figure 24: Simulation results for large step size on the CSTR 3D problem. h = 0.175

Figure 25: Implicit Euler method on the CSTR 3D problem. h = 0.00035
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3 Test equation for ODEs

3.1 Analytical Solution

Let’s now consider the scalar test equation

x′(t) = λx(t), x(0) = x0 (35)

In the general case, it is immediately verifiable that

x(t) = x0e
λt (36)

is an analytical solution to this test equation. Indeed x′(t) = λx0e
λt = λx(t).

3.2 Local and Global Truncation Errors

For any numerical method, it is inevitable that at each step (for non trivial problems),
some error will separate the computed approximation and the true solution. The error
at each step is called the local truncation error. Along the simulation the local errors will
accumulate into a global truncation error. The study of truncation errors for a given method
reveals fundamental properties and allow the distinction between better and poorer methods.
They are defined as follows:

For tk ∈ I, xk the numerical approximation of x(tk) the exact analytical solution, and
xk−1(tk) the analytical solution that has the numerical approximation xk−1 ' x(tk−1) as
initial value, the local error lk is defined as:

lk = xk − xk−1(tk) (37)

For tk ∈ I, and xk the numerical approximation of x(tk) the exact analytical solution,
the global error ek is defined as:

ek = xk − x(tk) (38)

Figure 26 illustrates the definition of the truncation errors. In black is displayed x(t),
the true exact analytical solution of the test IVP. In green is shown the approximation
computed through the explicit Euler method with a rough step size (h = 0.5), x0, x1 and
x2. In blue is depicted the analytical solution, x1(t) that would have t1 and x1 as starting
points.

The red errors l1 and l2 correspond to the local truncation error, i.e the difference
between the approximation and the true solution that uses the previous point of the ap-
proximation as starting point. And the purple error e2 corresponds to the global error at t2,
which is the final difference between the approximation and the true solution.

The local and global truncation error are generally expressed asymptotically as a func-
tion of the step size. This way, they determine what accuracy to expect from a numerical
method for a given step size.
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Figure 26: Illustration of the truncation errors for the explicit Euler method

3.3 Error Expression for Euler Methods

3.3.1 Explicit Euler Method

Local Truncation Error
To compute the local truncation error for the explicit Euler method at step tk, it is

first required to expressed the two terms used xk and xk−1(tk). Considering that the Taylor
expansion of the exponential function at 0 is ex =

∑∞
n=0

xn

n!
, or when truncated at order two,

ex = 1 + x+ x2

2
+O(x3), it holds that:{

xk = (1 + λh)xk−1

xk−1(tk) = xk−1e
λ(tk−tk−1) = xk−1e

λh = xk−1(1 + λh+ (λh)2

2
+O(h3))

(39)

Which thus allow to determine an asymptotic value for the local truncation error at
step k, lk:

lk = xk − xk−1(tk) = −xk−1(
(λh)2

2
+O(h3)) = O(h2) (40)

Global Truncation Error
The top part of Equation 39 indicates that the terms x0, x1, ..., xk of the approximation

computed through the explicit Euler method follow a geometric progression of reason 1+hλ.
Its kth term can thus be expressed as

xk = x0(1 + hλ)k (41)

The expression (1 + x)k can be expressed in 0 with its Taylor expansion:
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(1 + x)k =
∞∑
n=0

(
k

n

)
xn (42)

For t0 = 0, the final time step of the simulation tf is directly proportional to the step
size tf = Nh where N is the number of steps. The global error at the end of the simulation
will therefore be:

eN = xN − x(tf )

= x0((1 + hλ)N − eNhλ)

= x0((1 +Nhλ+
N(N − 1)

2
(hλ)2)− (1 +Nhλ+

(Nhλ)2

2
)) +O(h3)

= −x0
N

2
(hλ)2 +O(h3)

= −x0
tfλ

2

2
h+O(h2)

(43)

The leading term of the global truncation error evolves with h. This is characteristic of
an order 1 method.

Furthermore, for the explicit Euler method in a general setting, the global error can
be bounded under certain assumptions by an expression of order 1 in h. Let’s consider the
Taylor expansions of the true solution x(t) and of the RHS function f , truncated after order
2 for x(t) and 1 in the second variable of f .{

x(t) = x(T ) + x′(T )(t− T ) + x′′(T ) (t−T )
2

2
+O((t− T )3)

f(T, x) = f(T,X) + ∂f
∂x

(T,X)(x−X) +O((x−X)2)
(44)

The above approximation, applied for t = tk and T = tk−1, x = x(tk−1), X = xk−1 and
neglecting the dominated terms results in

x(tk) = x(tk−1) + x′(tk−1)(tk − tk−1) + x′′(tk−1)
(tk − tk−1)2

2

= x(tk−1) + f(tk−1, x(tk−1))h+ x′′(tk−1)
h2

2

= x(tk−1) + (f(tk−1, xk−1) +
∂f

∂x
(tk−1, xk−1)(x(tk−1)− xk−1))h+ x′′(tk−1)

h2

2

= x(tk−1) + (f(tk−1, xk−1)−
∂f

∂x
(tk−1, xk−1)ek−1)h+ x′′(tk−1)

h2

2

(45)

And thus,
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ek = xk − x(tk)

= xk−1 − x(tk−1) +
∂f

∂x
(tk−1, xk−1)ek−1h− x′′(tk−1)

h2

2

= ek−1(1 +
∂f

∂x
(tk−1, xk−1))h− x′′(tk−1)

h2

2

(46)

This expression is quite interesting in itself, as it provides an intuition on the accumu-
lation of errors along the simulation. Using the definition of f given by the IVP, it can be
expanded further.

x′′(t) =
dx′(t)

dt
=
df

dt
(t, x(t)) (47)

f is a multivariate function, for which both arguments display a dependency in time.
To get the derivative of f with regard to time, the multivariate chain rule must be applied.
It goes as follows

df

dx
(g1(x), g2(x)) =

dg1(x)

dx

∂f

∂g1
(g1(x), g2(x)) +

dg2(x)

dx

∂f

∂g2
(g1(x), g2(x)) (48)

And therefore implies that

df

dt
(t, x(t)) =

∂f

∂t
(t, x(t)) +

dx(t)

dt

∂f

∂x
(t, x(t)) =

∂f

∂t
(t, x(t)) + f(t, x(t))

∂f

∂x
(t, x(t)) (49)

Let’s assume that the second derivative of x is bounded (by continuity on a closed
support for example). It then admits a maximum M . Let’s also assume that f is Lipchitz
continous on its second argument for a constant K. These two assumptions can be expressed
as {

K = max |∂f
∂x

(t, x(t))|
M = max |∂f

∂t
(t, x(t)) + f(t, x(t))∂f

∂x
(t, x(t))|

(50)

Resulting, by triangular inequality, in the following:

|ek| ≤ (1 +Kh)|ek−1|+M
h2

2
(51)

Which finally yields the bound in O(h) for the global error of the explicit Euler method
in the general case:

|ek| ≤
M

2K
(eKtk − 1)h (52)
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3.3.2 Implicit Euler Method

Local Truncation Error
To compute the local truncation error for the implicit Euler method at step tk, it is first

required to expressed the two terms used xk and xk−1(tk):{
xk = xk−1 + λhxk ⇒ xk = 1

1−λhxk−1

xk−1(tk) = xk−1(1 + λh+ (λh)2

2
+O(h3))

(53)

The development of the inverse function into its Taylor expansion, 1
1−λh = 1 + λh +

(λh)2 +O(h3), yields an asymptotic value for the local truncation error at step k, lk:

lk = xk − xk−1(tk) = xk−1(
(λh)2

2
+O(h3)) = O(h2) (54)

Global Truncation Error
The top part of Equation 53 indicates that the terms x0, x1, ..., xk of the approximation

computed through the implicit Euler method follow a geometric progression of reason 1
1−hλ .

Its kth term can thus be expressed as

xk = x0(
1

1− hλ
)k (55)

The expression ( 1
1−x)k can be expressed in 0 with its Taylor expansion

(
1

1− x
)k =

∞∑
n=0

(
−k
n

)
(−x)n (56)

For t0 = 0, the final time step of the simulation tf is directly proportional to the step
size tf = Nh, where N is the number of steps. The global error at the end of the simulation
will therefore be:

eN = xN − x(tf )

= x0((
1

1− hλ
)N − eNhλ)

= x0((1 +Nhλ+
N(N + 1)

2
(hλ)2)− (1 +Nhλ+

(Nhλ)2

2
)) +O(h3)

= x0
N

2
(hλ)2 +O(h3)

= x0
tfλ

2

2
h+O(h2)

(57)

The accumulation of errors along the simulation result in a global order with leading
term in O(h).
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3.4 Plot of Local Error

Figure 27 displays the local truncation error4 lk for both Euler methods as a function
of the step size h. They both behave as expected, as they match closely the expected
asymptotic behaviour of lk = O(h2) displayed in grey.

The asymptotic behaviour of the local error of the method informs about its order.
Indeed, the accuracy of a numerical method is said to be of order p if lk = O(hp+1).

These plots, supplemented by equations 40 and 54 therefore prove that both Euler
methods are of order 1.

(a) Local truncation error for the explicit
Euler method

(b) Local truncation error for the implicit
Euler method

Figure 27: Local truncation errors for Euler methods

3.5 Plot of Global Error

Figure 28 displays the global truncation error etf for both Euler methods as a function
of the step size h. The explicit Euler method behaves perfectly as expected, as it lies very
close to the theoretical asymptotic bound, O(h). On the other hand, the implicit Euler
method displays a clear drop in its final global error for around h = 0.0013, indicating that
there is a sweet spot for its performance on such problem5. It also asymptotically follows
the expected behaviour of O(h).

4taken at k = 10
5It is probably problem dependent.
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(a) Global truncation error for the explicit
Euler method

(b) Global truncation error for the implicit
Euler method

Figure 28: Global truncation errors for Euler methods

3.6 On Stability

The test equation provides a way to study the stability of numerical ODE solvers.
For the test equation

x′(t) = λx(t), x(0) = 1, λ ∈ C, Re(λ) < 0 (58)

the analytical solution x(t) admits limt→∞ x(t) = 0.
Naturally, the numerical method’s approximation xk is expected to converge as well,

limk→∞ xk = 0. If it does, then it is stable.
The region of stability for the method can thus be defined as:

D = {(h, λ) ∈ IR× C | lim
k→∞

xk = 0} (59)

Explicit Euler Method
In the case of the explicit Euler method, for a given k, the following holds:

xk+1 = xk + hf(tk, xk)

= xk(1 + λh)
(60)

The series of terms of the approximation x0, x1 ... xk therefore follows a geometric
progression of reason (1 + λh) and its kth term is therefore

xk = x0(1 + λh)k = (1 + λh)k (61)

This allows to infer that the region of stability for the explicit Euler method is:

Dee = {(h, λ) ∈ IR× C | |1 + λh| < 1} (62)
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Implicit Euler Method
Similarly, for the implicit Euler method, for a given k, the following holds:

xk+1 = xk + hf(tk, xk+1)

= xk + λhxk+1

= xk(
1

1− λh
)

(63)

Here again the terms of the approximation follow a geometric progression of reason
( 1
1−λh) and therefore:

xk = x0(
1

1− λh
)k = (

1

1− λh
)k (64)

which implies that the region of stability for the implicit Euler method is:

Die = {(h, λ) ∈ IR× C | |1− λh| > 1} (65)

Figure 29 displays the region of stability of both the explicit Euler method (left) and
implicit Euler method (right) in the complex plane λh ∈ C. The green region is the stable
region and the red region is the unstable region.

Such plots can be used to guess whether a method is A-stable or not. A method is
said to be A-stable if its region of absolute stability D contains the entire left complex half
plane, i.e D ∈ {(h, λ) ∈ IR× C | Re(λh) < 0}

The explicit Euler method is therefore not A-stable, while its implicit counterpart is.
It is furthermore important to note that A-stability gives the fundamental property that for
any A-stable method, the step size should be chosen on accuracy considerations and not on
stability considerations. This is illustrated in Figure 17, where even though the step size
is very large, the implicit Euler method does not diverge from the true solution while the
explicit Euler method does.

(a) Stability region for the explicit Euler
method

(b) Stability region for the implicit Euler
method

Figure 29: Stability regions for Euler methods
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4 Solvers for SDEs

The term of Stochastic Differential Equations (SDEs) describes any form of differential
equation where at least one of the terms involved is a stochastic process. A common form
of SDE is obtained when adding a standard gaussian perturbation on the right hand side of
any ODE. In this case, and in a general form, the SDE can be written as:

dx(t) = f(t,x(t))dt+ g(x(t))dw(t) (66)

Where g is a diffusion function and w is a Wiener process.
In the general case, when the interval [a,b] is divided in N sub-intervals with boundaries

t0, t1, ..., tN−1 of constant length h = tk+1 − tk the following holds:∫ b

a

f(t)dt = lim
N→∞

N−1∑
i=0

hf(ti)

∫ b

a

f(t)dw(t) = lim
N→∞

N−1∑
i=0

f(ti)∆wi , ∆wi ∼ N (0, h) (Ito’s Integral)

(67)

In particular, one can hope that for a and b sufficiently close to each other, as would
be tk and tk+1 in a numerical approximation, the following approximation would not deviate
too much from truth: ∫ tk

tk+1

f(t)dt ' hf(tc) , tc ∈ [tk, tk+1]∫ tk

tk+1

f(t)dw(t) ' f(tk)∆wk , ∆wk ∼ N (0, h)

(68)

Therefore providing a direct way to iteratively approximate solution of such SDEs, as
the integration of equation 66 between tk and tk+1 yields:

xk+1 − xk = hf(tc,x(tc)) + g(xk)∆wk , tc ∈ [tk, tk+1] , ∆wk ∼ N (0, h) (69)

Please note that for this section, and the next, which detail numerical methods for SDEs,
the interface of the solvers is slightly modified to account for the stochastic processes, with
the addition of the diffusion function g and the steps of a Wiener Process dW as parameters
of the solver. The interface is detailed in Listing 6:

1 def sde_solver(f, J, g, dW, t0 , tf , N, x0, ** kwargs):
2 ...

Listing 6: Interface for SDE solver
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4.1 Multivariate Standard Wiener Process

A standard Wiener Process defined over a time interval [0, T] is a continuous random
variable w(t) that satisfies:

• w(0) = 0

• ∀(s, t) ∈ [0, T ]2 , s < t , w(t)−w(s) ∼ N (0, t− s)

• ∀(s, t, u) ∈ [0, T ]3, s < t < u, the increment w(u)−w(t) is independent of past values
w(s)

It can be discretized into W which is defined as follows, for a step h

• W0 = 0

• W has independent gaussian increments: Wk+1 −Wk ∼ N (0, h)

It is therefore pretty straightforward to implement such process. A random generator
can directly provide N × D gaussian samples6, and a cumulative sum can then directly
generate W0, W1, ..., WN . Such implementation can be found in Listing 7

1 def wiener_process(T, N, dims =2):
2 W = np.zeros ((N, dims))
3 dt = T / N
4 dW = np.random.normal(loc=0, scale=dt , size=(N-1, dims))
5 W[1:, :] = np.cumsum(dW , axis =0)
6

7 # adapt size of dW array
8 dW = np.vstack ((np.zeros ((1, dims)), dW))
9

10 return dW, W

Listing 7: Implementation of a multivariate Wiener process

The previous implementation allows the generation of Figure 30, on which are displayed
the trajectories taken by different realisations of Wiener processes in both one and two
dimensions.

6D is here the dimension of the process
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(a) 10 Realisations of a 1D Wiener process

(b) 10 Realisations of a 2D Wiener process

Figure 30: Realisations of Wiener processes

4.2 Explicit-Explicit Method

For the Explicit-Explicit method, both the non-stochastic and the stochastic parts of
the RHS of the iteration equation are explicit. This means that equation 69 is applied for tc
= tk. For ∆wk ∼ N (0, h), the iteration equation can therefore be defined as:

xk+1 − xk = hf(tk,xk) + g(xk)∆wk (70)

The implementation of such method can be directly drawn from the implementation
of the explicit Euler method with the addition of the stochastic terms g(xk)∆wk to each
iteration, as can be seen in Listing 8

1 def sde_solver(f, J, g, dW, t0 , tf , N, x0, ** kwargs):
2 dt = (tf - t0) / N
3

4 T = [t0]
5 X = [x0]
6

7 for k in range(N):
8 f_eval = f(T[-1], X[-1], ** kwargs)
9 g_eval = g(T[-1], X[-1], ** kwargs)

10 X.append(X[-1] + dt * f_eval + dW[k] * g_eval)
11 T.append(T[-1] + dt)
12

13 T = np.array(T)
14 X = np.array(X)
15

16 return X, T

Listing 8: Implementation of the explicit-explicit SDE solver
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4.3 Implicit-Explicit Method

On the other hand, when equation 69 is applied for tc = tk+1, the non-stochastic term of
its RHS becomes implicit as for the implicit Euler method. For ∆wk ∼ N (0, h), its iteration
equation can thus be written:

xk+1 − xk = hf(tk+1,xk+1) + g(xk)∆wk (71)

Similarly as for the implicit Euler equation, the dependency between xk+1 and f(xk+1)
needs to be handled with an approximation method, such as Newton’s method. Nevertheless,
the stochastic term must be accounted for in the residual equation

Rk(xk+1) = xk+1 − xk − hf(tk+1,xk+1)− g(xk)∆wk = 0 (72)

For this reason, the newton’s method implementation was slightly modified to accept
the explicit terms of the residual function ψ = xk−g(xk)∆wk as argument. Listing 9 details
such implementation.

1 def sde_newtons_method(f, J, psi , t, x, dt, x_init , tol , max_iters , **
kwargs):

2 k = 0
3 x_iter = x_init
4 t_iter = t + dt
5 f_eval = f(t_iter , x_iter , ** kwargs)
6 J_eval = J(t_iter , x_iter , ** kwargs)
7

8 R = x_iter - dt*f_eval - psi
9 I = np.eye(x.shape [0])

10 while ((k < max_iters) & (norm(R, np.inf) > tol)):
11 k += 1
12 M = I - dt*J_eval
13 dx_iter = np.linalg.solve(M,R)
14 x_iter -= dx_iter
15 f_eval = f(t_iter , x_iter , ** kwargs)
16 J_eval = J(t_iter , x_iter , ** kwargs)
17 R = x_iter - dt*f_eval - psi
18

19 return x_iter

Listing 9: Implementation of Newton’s method for the implicit-explicit SDE solver
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The rest of the implementation is identical to the implementation detailed earlier of
the implicit Euler method, with the exception of the computation of ψ at each iteration as
proves Listing 10

1 def sde_solver(f, J, g, dW, t0 , tf , N, x0, ** kwargs):
2 dt = (tf - t0) / N
3

4 T = [t0]
5 X = [x0]
6

7 kwargs , newtons_tol , newtons_max_iters = parse_newtons_params(kwargs)
8

9 for k in range(N):
10 # Use explicit form to start off newton
11 f_eval = f(T[-1], X[-1], ** kwargs)
12 g_eval = g(T[-1], X[-1], ** kwargs)
13 psi = X[-1] + g_eval*dW[k]
14 x_init = dt * f_eval + psi
15 X.append(sde_newtons_method(f, J, psi , T[-1], X[-1], dt, x_init ,

newtons_tol , newtons_max_iters , ** kwargs))
16 T.append(T[-1] + dt)
17

18 T = np.array(T)
19 X = np.array(X)
20

21 return X, T

Listing 10: Implementation of the implicit-explicit SDE solver

4.4 Test on the Van der Pol Problem

To test the implementations of the explicit-explicit and implicit-explicit methods on the
Van der Pol problem, two different diffusion functions were used.

The first diffusion equation is independent of the state and is defined by:

g(

[
x1
x2

]
) =

[
0
σ

]
(73)

The second is state dependent in the form of:

g(

[
x1
x2

]
) =

[
0

σ(1 + x21)

]
(74)

For both equation, the diffusion parameter σ controls the influence of the stochastic
terms on the approximated solution. Figure 31 reveals that, as expected, the larger σ is,
the greater the deviations due to the stochastic terms will be for the computed numerical
solutions.

Figure 32 displays the approximated solution of the stochastic Van der Pol problem
for both methods (explicit-explicit method on the left and implicit-explicit method on the
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(a) σ = 0.03 (b) σ = 3

Figure 31: Influence of the diffusion parameter σ, caeteris paribus

right). As could be expected, the implicit-explicit method generates realisations that are
closer to the true solution ODE reference. This is a sign that the stability of the implicit
Euler method was conserved thanks to the use of the implicit version of the evaluation of
the RHS function f .

The second version of the diffusion function results in realisations that deviate more
from the ODE reference (which is expected as for any x1, σ(1 + x21) > σ). Specifically, it
introduces greater variations in areas where x1 takes larger values, hence explaining the great
amount of noise present at the crossing between the cycle and the line x2 = 0.
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(a) Explicit-Explicit method for the first dif-
fusion function

(b) Implicit-Explicit method for the first dif-
fusion function

(c) Explicit-Explicit method for the second
diffusion function

(d) Implicit-Explicit method for the second
diffusion function

Figure 32: Approximation of the stochastic Van der Pol problem, for 5 realisations of a

Wiener process. µ = 3, σ = 0.5, x0 =

[
0.5
0.5

]
and h = 0.012
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4.5 Test on the A-CSTR Problem

4.5.1 CSTR 1D

A stochastic diffusion equation can be added to the original CSTR 1D problem in the
form of

g(x) =
F

V
σ (75)

Which accounts for the random variations in the inputs of the process, notably in the
inlet temperature. The stochastic variations will thus depend on the value of the input flow,
so it can be expected that the stochastic effects will be most noticeable when the inlet flow
is the highest.

Figure 33 displays approximations computed with numerical methods for 10 different
realisations of the underlying Wiener process against a reference corresponding to the solu-
tion of the standard ODE. Overall, the stochastic variations do not modify drastically the
overall trajectory of the approximated solution, and can be used to evaluate the sensitivity
of the system and to develop a reliable state estimator as shown in [6].

(a) Explicit-Explicit method for stochastic
CSTR 1D problem

(b) Implicit-Explicit method for stochastic
CSTR 1D problem

Figure 33: Stochastic realisations of the CSTR 1D problem for σ = 1

4.5.2 CSTR 3D

Stochastic variations can also be added to the 3D model, thanks to the following diffusion
term:

g(

x1x2
x3

) =

 0
0
F
V
σ

 (76)

The resulting simulations, which do not provide any more information than what was
detailed previously are displayed in Figure 34.
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(a) Explicit-Explicit method for stochastic
CSTR 3D problem

(b) Implicit-Explicit method for stochastic
CSTR 3D problem

Figure 34: Stochastic realisations of the CSTR 3D problem for σ = 1

5 Test equation for SDEs

5.1 Analytical Solution

Let’s consider the geometric Brownian motion described by the following equation

dx(t) = λx(t)dt+ σx(t)dω(t) = x(t)(dω(t) + λdt), dω(t) ∼ N (0, Idt) (77)

Ito’s formula can be used to derive its analytical solution. For any twice continously
differentiable f : IR× IR→ IR, its multivariate Taylor expansion is:

df =
∂f(t, x)

∂t
dt+

∂f(t, x)

∂x
dx+

1

2

∂2f(t, x)

∂x2
dx2 (78)

To avoid any later confusion in its terms, let’s write ∂1f the partial derivative of f with
regard to its first argument, ∂2f its partial derivative with regard to its second argument
and ∂2,2f its second partial derivative with regard to its second argument. The expansion
can be thus re-written:

df = ∂1f(z1, z2)dz1 + ∂2f(z1, z2)dz2 +
1

2
∂2,2f(z1, z2)dz

2
2 (79)

If this expansion is then applied for f(t, x(t)) = log(x(t)), with x(t) solution of the
geometric Brownian motion equation, the following holds

df(t, x(t)) = ∂1f(t, x(t))dt+ ∂2f(t, x(t))dx(t) +
1

2
∂2,2f(t, x(t))dx(t)dx(t) (80)

The function f does not depend on its first argument, allowing the simplification

df(t, x(t)) = ∂2f(t, x(t))dx(t) +
1

2
∂2,2f(t, x(t))dx(t)dx(t) (81)

Finally, as ∂2f(t, x(t)) = 1
x(t)

and ∂2,2f(t, x(t)) = − 1
x(t)

2, Equation 77 can be inserted
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into Equation 81 to yield:

d log(x(t)) =
dx(t)

x(t)
− 1

2

dx(t)dx(t)

x(t)2

= (σdω(t) + λdt)− 1

2
(σdω(t) + λdt)2

(82)

(σdω(t) + λdt)2 can be developed into (σ2dω(t)2 + 2σλdω(t)dt + λ2dt2). In the limit
dt→ 0, the terms dt2 and dω(t)dt become negligible in comparison to dω(t)2 = O(dt) (due
to the quadratic variance of the Wiener process). Leading to the following simplification:

d log(x(t)) = σdω(t) + (λ− σ2

2
)dt (83)

Finally, the integration of such expression, for a time interval [0, t],∫ x(t)

x0

d log(x(t)) =

∫ ω(t)

ω0

σdω(t) +

∫ t

0

(λ− σ2

2
)dt (84)

yields, because, by definition ω0 = 0,

log(x(t)) = log(x0) + σω(t) + (λ− σ2

2
)t (85)

Finally providing an analytical solution to the geometric Brownian motion equation.

x(t) = x0e
(λ−σ

2

2
)t+σω(t) (86)

5.2 Comparison of the Numerical Solution to the Analytical Solu-
tion

For comparisons of the analytical solution to the numerical methods, the following
parameters were used: λ = 0.1, σ = 0.15, x0 = 1 and N = 1000 (Number of simulation
points)

Figure 35 displays in colour 10 realisations of the analytical solution of the geometric
Brownian motion. It allows to get an understanding of what realisations of such process
look like. Additionally, were added on black the mean and mean ± 1.96 standard deviation
computed over 10 000 realisations.

Figure 36, compares the mean and the mean ± 1.96 of the analytical solution with their
counterparts from the two implemented numerical solutions, the explicit-explicit method
(green) and implicit-explicit method (red). The top row only uses 100 realisations to compute
the resulting trajectories. They clearly display more variation than the bottom row which
uses 10 000 realisations. For the bottom row, the estimates are so close from each other that
the resulting trajectories are almost indistinguishable from each other, thus indicating good
performance from the numerical methods.
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(a) 10 Realisations of the analyti-
cal solution of the test equation for
SDEs. The blue central dotted line
is the solution of the equation with-
out any stochastic term

(b) 10 Realisations of the analyti-
cal solution of the test equation for
SDEs. Logarithmic values

Figure 35: 10 Realisations of the analytical solution of the test equation for SDEs. The
black lines correspond to the mean averaged over 10 000 realisations, and the 95% confidence
interval around it

(a) Comparison of the analyti-
cal solution against the numerical
methods for 100 realisations

(b) Comparison of the analyti-
cal solution against the numerical
methods for 100 realisations. Log-
arithmic values

(c) Comparison of the analyti-
cal solution against the numerical
methods for 10 000 realisations

(d) Comparison of the analyti-
cal solution against the numerical
methods for 10 000 realisations.
Logarithmic values

Figure 36: Comparison of the analytical solution to the stochastic test equation and of the
numerical methods
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5.3 Distribution of the Final State of the Numerical Solution

For the 10 000 realisations mentioned in the previous part, it is interesting to look at the
distribution of the final states x(T ) of the analytical solution and of the numerical methods.
Figure 37 display such distributions -in the logarithmic space as they are expected to follow a
normal distribution in their logarithmic form-. This expectation is met by the experimental
results as all three resulting distributions follow closely the shape of a bell curve.

(a) Distribution of the final
states x(T) for the analytical
solution. Logarithmic values

(b) Distribution of the final
states x(T) for the explicit-
explicit method. Logarithmic
values

(c) Distribution of the final
states x(T) for the implicit-
explicit method. Logarithmic
values

Figure 37: Comparison of the distribution of the final state x(T) between the analytical
solution and numerical methods. The logarithmic values are used. The magenta vertical lines
are the boundaries determined by the mean ±1.96 standard deviation, which correspond to
the 95% confidence interval

5.4 Comparison of Moments

Unsurprisingly, the moments of the three resulting distributions of x(T ) have very sim-
ilar moments, as shown by Tables 1 and 2. This explains why the distributions of x(T ) are
so similar for the analytical solution and the numerical simulations and why the juxtaposed
mean and mean ± 1.96 standard deviation curved are almost indistinguishable at their right
limit on the bottom row of Figure 36.

Method Mean Std

Analytical 2.426 1.603
Explicit-Explicit 2.429 1.599
Implicit-Explicit 2.433 1.606

Table 1: Moments of the distribution of x(T) for both the analytical solution and numerical
methods
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Method Mean Std

Analytical 0.886 0.472
Explicit-Explicit 0.888 0.469
Implicit-Explicit 0.889 0.474

Table 2: Moments of the distribution of x(T) for both the analytical solution and numerical
methods. Logarithmic values

5.5 Order of the Explicit-Explicit Method

Figure 38 displays the recorded errors eN = |x(T )−xN |7 averaged over 1000 realisations
for the explicit-explicit method. The error behaves entirely as expected, as displaying the
same behaviour as the theoretical asymptotic limit of O(h), displayed in grey. Note that the
number of realisations was reduced to 1000 limit the execution time required to compute the
set of errors {eN}

Figure 38: Error of the explicit-explicit method as a function of the step size h. Logarithmic
scale

7It is worth noting that the difference between the analytical solution and the numerical simulation must
use the same underlying steps for the associated Wiener Process
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5.6 Order of the Implicit-Explicit Method

Figure 39 displays the recorded errors eN = |x(T )−xN | averaged over 1000 realisations
for the implicit-explicit method. The error behaves entirely as expected, as displaying the
same behaviour as the theoretical asymptotic limit of O(h), displayed in grey.

Figure 39: Error of the implicit-explicit method as a function of the step size h. Logarithmic
scale
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6 Classical Runge-Kutta method with fixed time step
size

6.1 Method Description

Runge Kutta methods are stage methods that generalize on the principles previously
described with the Euler methods. Coming back to a general IVP:

x′(t) = f(t,x(t)), x(t0) = x0 (87)

Integrating it between two simulation points, tk+1 and tk, results in:

x(tk+1)− x(tk) =

∫ tk+1

tk

f(t,x(t))dt (88)

Approximating f(t,x(t)) by f(tk,xk) results in the explicit Euler method and with
f(tk+1,xk+1) in the implicit Euler method. Restricting the approximation of f to a boundary
point of the interval [tk, tk+1] limits the attainable accuracy order of the method to 1. The
midpoint approximation f(tk+ 1

2
, xk+1+xk

2
) makes use of information about both xk and xk+1

to provide a better approximation for f. In doing so, it reaches an order of accuracy of 2
(See E. Suli and D.F. Mayers’ book, [7], page 328).

It is nevertheless an implicit method, which implies that its implementation is not
trivial and its execution requires more computational steps. To use intermediary points
while keeping the method explicit, it is possible to first apply the explicit update on a
intermediary step size and then apply recursively the explicit update on the estimated point.
That is what the explicit midpoint method does for example.

x̂k+ 1
2

= xk +
h

2
f(tk,xk)

xk+1 = xk + hf(tk +
h

2
, x̂k+ 1

2
)

(89)

Figure 40 demonstrates visually how the explicit midpoint method works.

Figure 40: Illustration of basic explicit Runge Kutta method.
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Using the test equation x′(t) = f(t, x(t)) = λt, it appears that the explicit midpoint
method has an accuracy order of 2. Indeed,

x̂k+ 1
2

= xk +
h

2
λxk = xk(1 +

h

2
λ)

xk+1 = xk + hλx̂k+ 1
2

= xk(1 + hλ+
(hλ)2

2
)

(90)

And therefore,

lk+1 = xk+1 − xk(tk+1) = xk(1 + hλ+
(hλ)2

2
− ehλ) = O(h3) (91)

This shows what is so interesting about using intermediary points in the interval. Their
use allow to increase the maximum order of accuracy attainable. Runge-Kutta methods (of
order greater than 1) use this mechanism to raise their accuracy order.

In their most general form, the Runge-Kutta methods can thus be written as:

xk+1 = xk + h
s∑
i=1

bif(tk + cih,Xi)

Xi = xk + h
s∑
j=1

aijf(tk + cjh,Xj)

(92)

Where the differentXi designate the intermediary points used. The coefficients {aij}(i,j)∈[1,s]2 ,
{bi}i∈[1,s] and {ci}i∈[1,s] can be arranged in a Butcher’s tableau8

c1 a11 a12 . . . a1s
c2 a21 a22 . . . a2s
...

...
... . . . ...

cs as1 as2 . . . ass
b1 b2 . . . bs

The classical Runge-Kutta method (RK4) is a method of order s = 4 with the following
Butcher tableau:

0
1
2

1
2

1
2

0 1
2

1 0 0 1
1
6

1
3

1
3

1
6

8All non displayed coefficients being null
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The intermediary steps can therefore be described with the following updates
T1 = tk X1 = xk

T2 = tk + 1
2
h X2 = xk + h1

2
f(T1, X1)

T3 = tk + 1
2
h X3 = xk + h1

2
f(T2, X2)

T4 = tk + h X4 = xk + hf(T3, X3)

(93)

Resulting in the following update rule for xk{
tk+1 = tk + h

xk+1 = xk + h(1
6
f(T1, X1) + 1

3
f(T2, X2) + 1

3
f(T3, X3) + 1

6
f(T4, X4))

(94)

It is interesting to visualise the different intermediary steps for the method. Figure 41
illustrates the dynamics involved on a simple example. The function x(t) = et − t2, which
admits along its trajectory the function f(t, x(t)) = et−2t as the RHS of any ODE describing
it is shown in black. The RK4 method is applied on a rough step, between t = 1 and t = 1.7,
and in orange is displayed the numerical estimation of the method, which lies very close
to the true solution value, despite the large step size. Figure 41 thus provides an intuitive
representation how accurate the RK4 method is.

Figure 41: Illustration of the stages of the classical Runge Kutta method. In purple, green,
blue and red are the intermediary stages to produce the orange estimation
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6.2 Implementation

The general form of a Runge-Kutta step, as presented in Equation 92 can be simplified

using matrix notations. Noting K =

f(tk + c1h,X1)
...

f(tk + csh,Xs)

, and B =

b1...
bs

 the upper equation

becomes

xk+1 = xk + hBTK (95)

Furthermore, assuming that the matrix A of the Butcher tableau is strictly lower tri-
angular (no diagonal elements), which corresponds to the set of all explicit Runge-Kutta
methods, such as RK4, each row of K can be computed using the previous rows using,

Xi = xk + hAi,:i

 f(t1,X1)
...

f(ti−1,Xi−1)

 = xk + hAi,:iK:i

Ki = f(tk + cih,Xi) = f(tk + cih,xk + hAi,:iK:i)

(96)

Where Ki is the ith row of K, K:i the (i-1)th first rows of K and Ai,:i the ith row
of A truncated to its first (i-1) elements. This provides an elegant and concise method
to implement an iterative step of any explicit RK method. Listing 11 details its Python
implementation.

1 def rk_step(f, t, x, dt, butcher_tableau , ** kwargs):
2 A = butcher_tableau[’A’]
3 B = butcher_tableau[’B’]
4 C = butcher_tableau[’C’]
5

6 P = len(C)
7 K = np.zeros ((P, x.shape [0]))
8

9 K[0, :] = f(t, x, ** kwargs)
10

11 for p, (a, c) in enumerate(zip(A[1:], C[1:]) , start =1):
12 t_p = t + dt * c
13 x_p = x + dt * (K.T @ a)
14 K[p, :] = f(t_p , x_p , ** kwargs)
15

16 return x + dt * (K.T @ B)

Listing 11: Implementation of the method agnostic rk step
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The generic explicit RK step needs to be given the proper Butcher tableau elements in
order to compute the approximation corresponding to the RK4 method. Listing 12 shows
how the rk4_step function provides a wrapper for the generic rk_step function.

1 # Butcher Tableau
2 C = np.array ([0, 1 / 2, 1 / 2, 1])
3 A = np.array ([
4 [0, 0, 0, 0],
5 [1 / 2, 0, 0, 0],
6 [0, 1 / 2, 0, 0],
7 [0, 0, 1, 0],
8 ])
9 B = np.array ([1 / 6, 1 / 3, 1 / 3, 1 / 6])

10

11

12 def rk4_step(f, t, x, dt, ** kwargs):
13 butcher_tableau = {
14 ’A’: A,
15 ’B’: B,
16 ’C’: C,
17 }
18

19 return rk_step(f, t, x, dt , butcher_tableau , ** kwargs)

Listing 12: Implementation of the RK4 step as a wrapper of the general RK step

Finally, the interface and structure of the RK4 solver are identical to the interface and
structure of the explicit Euler method as they are both purely explicit methods. Listing 13
displays them.

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
2 dt = (tf - t0) / N
3

4 T = [t0]
5 X = [x0]
6 for k in range(N):
7 X.append(rk4_step(f, T[-1], X[-1], dt, ** kwargs))
8 T.append(T[-1] + dt)
9

10 T = np.array(T)
11 X = np.array(X)
12

13 return X, T

Listing 13: Interface for the RK4 solver
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6.3 Test Equation

Figure 42 displays solutions computed with the RK4 method for different step sizes.
The method stays convergent for large values of h, such as h = 1.5 as shown by the middle
figure, and is quite accurate for a step size as big as h = 0.5 as shown on the left. On the
right, the step size h = 3 appears to be too large to lead to a convergent simulation.

(a) h = 0.5 (b) h = 1.5 (c) h = 3

Figure 42: Comparison of the RK4 method against the true solution to the test equation for
various step sizes.

6.4 Order of the RK4 Method

Deriving the order of accuracy of a Runge-Kutta method is not as immediate as what
was seen in Section 3 for the Euler methods. For the general IVP,

x′(t) = f(t,x(t)), x(t0) = x0 (97)

If the solution is assumed smooth over the integration interval (condition that can be
restricted to p-times differentiable for order p consideration), it is possible to use the Taylor
expansion of the true solution at the time step tk+1 with regard to the time step tk up to
order p

x(tk+1) = x(tk) +

p∑
n=1

hn

n!

dnx

dtn
(tk) +O(hp+1) (98)

The evaluation of the respective nth order derivatives dnx
dtn

(tk) can leverage the considered
differential equation, 

dx
dt

(tk) = f(tk,x(tk)
d2x
dt2

(tk) = df
dt

(tk,x(tk))
d3x
dt3

(tk) = d2f
dt2

(tk,x(tk))

...

(99)

The RHS function f is a multivariate composite function. For the test equation, problem
studied in this study to determine the theoretical order of a numerical method, f can nev-
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ertheless be restricted to f(t,x(t)) = f(x(t)) leading to the simplification of its derivatives,
as the univariate and not multivariate chain rule can be applied.


df
dt

(t,x(t)) = df
dt

(x(t)) = x′(t)f ′(x(t)) = f(t,x(t))f ′(t,x(t))
d2f
dt2

(t,x(t)) = d
dt

[f(t,x(t))f ′(t,x(t))] = f ′′(t,x(t))f(t,x(t))f(t,x(t))

+f ′(t,x(t))f ′(t,x(t))f(t,x(t))

...

(100)

Which results, for the nth order derivatives of the true solution

dx
dt

(tk) = f(tk,x(tk)
d2x
dt2

(tk) = f(tk,x(t))f ′(tk,x(tk))
d3x
dt3

(tk) = f ′′(tk,x(tk))f(tk,x(tk))f(tk,x(tk))

+f ′(tk,x(tk))f
′(tk,x(tk))f(tk,x(tk))

...

(101)

The nth order derivatives of the true solution thus become increasingly complex as n
grows. The terms have nevertheless a very interesting property. They follow the structure
of rooted trees. More specifically, the nth order derivative will appear as the sum of rooted
trees of order n, each weighted by the number of ways it can be labeled with an ordered set
of nodes9. The corresponding rooted trees are displayed in Figure 43.

Figure 43: Derivatives seen as a rooted trees, τ1, τ2, τ3,1 and τ3,2 respectively

9This actually accounts for the plurality of some expression of derivatives of f. The fourth derivative of x
is for example d4x

dt4 = f ′′′ff + 3f ′′ff ′f + f ′f ′f ′f + f ′f ′′ff and the rooted tree that corresponds to f ′′ff ′f
does present 3 different way of labeling its leaves with ordered nodes

Page 57 of 102



02686 6.4 Order of the RK4 Method

In the rooted tree representation, each node of the tree is an occurrence of f and its
differentiation degree corresponds to the number of children of the node. Equation 102
formalises how to use the rooted tree representation to generate the nth derivative of x.

The function F (τ)(t) returns the product of the derivatives of f as nodes of the tree τ ,
evaluated at time t, and α(τ) is the number of possible labeling of the tree τ with an ordered
set of nodes. 

dx
dt

(tk) = α(τ1)F (τ1)(tk)
d2x
dt2

(tk)) = α(τ2)F (τ2)(tk)
d3x
dt3

(tk)) = α(τ3,1)F (τ3,1)(tk) + α(τ3,2)F (τ3,2)(tk)

...

(102)

The properties of rooted trees of order n are well documented and are summed up, up
to order 3, in Table 3 with r(τ) being the order of the tree τ , σ(τ) its number of symmetries,
and γ(τ) its density.

τ

τ1 τ2 τ3,1 τ3,2

r(τ) 1 2 3 3
σ(τ) 1 1 2 1
γ(τ) 1 2 3 6
α(τ) 1 1 1 1
F(τ) f f’f f”ff f’f’f

Table 3: Rooted tree properties

Now that all the necessary function have been introduced, and considering Tn as the set
of all rooted trees of order n, equation 98 can be expressed again as:

x(tk+1) = x(tk) +

p∑
n=1

∑
τ∈Tn

hn

n!
α(τ)F (τ)(tk) +O(hp+1) (103)

And because, by definition α(τ) = r(τ)!
σ(τ)γ(τ)

, equation 98 finally becomes:

x(tk+1) = x(tk) +
∑

τ∈{T1∪...∪Tp}

hr(τ)

σ(τ)γ(τ)
F (τ)(tk) +O(hp+1) (104)

Let’s unroll now a similar expansion for the approximation. For simplicity’s sake and
to make the expansion more understandable, it will be restricted to an explicit RK method
of order 3. See Section 3 in J. Butcher’s book [8] for full details.
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The expansion will still be conducted on the test equation for which the dependency
of f on its first argument is eliminated. This enable to simplify the expression with the
simplification f(tk,xk) = f(xk) and thus the Taylor expansion of f(tk,xk + α) is simplified
to:

f(t,xk + α) = f(xk + α) = f(xk) + (xk − α)f ′(xk) + ... (105)

It is possible to take the Taylor expansion of f in the intermediate steps to obtain a
complete expansion of the approximation. As the RK method used here will be of order 3,
the expression of the stage values only need terms up to h2. Concretely the expansion is:

T1 = tk

X1 = xk

hF1 = hf(T1,X1) = hf(xk)

T2 = tk + c2h

X2 = xk + ha21F1 = xk + ha21f(tk,xk)

hF2 = hf(xk) + h2a21f(xk)f
′(xk) + h3

(a21f(xk))
2

2
f ′′(xk) +O(h3)

T3 = tk + c3h

X3 = xk + h(a31F1 + a32F2)

= xk + a31hf(xk) + a32hf(xk) + h2a32a21f(xk)f
′(xk) +O(h3)

= xk + (a31 + a32)hf(xk) + h2a32a21f(xk)f
′(xk) +O(h3)

hF3 = hf(xk) + (a31 + a32)h
2f(xk)f(xk) + a32a21h

3f ′(xk)f
′(xk)f(xk)

+
1

2
(a31 + a32)

2h3f ′′(xk)f(xk)f(xk) +O(h4)

xk+1 = xk + h(b1 + b2 + b3)f(xk) + h2(b2a21 + b3(a31 + a32))f
′(xk)f(xk)

+
1

2
h3(b2a

2
21 + b3(a31 + a32)

2)f ′′(xk)f(xk)f(xk)

+ h3b3a32a21f
′(xk)f

′(xk)f(xk) +O(h4)

(106)

Here again the expressions of the derivatives of f related to the rooted trees appear,
f , f ′f , f ′′ff , f ′f ′f , preceded by a polynomial expression of the elements of the Butcher
tableau. This polynomial expression, will be defined, for each rooted tree appearing, by
Φ(τ). It is also worth noting that any term in the expansion of the approximation is divided
by the number of symmetries of the associated rooted tree.
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Furthermore, J. Butcher introduces the following equalities:

∀k ∈ [1, p] , B(p) :=
s∑
j=1

bjc
k−1
j =

1

k

∀(i, k) ∈ [1, s]× [1, η] , C(η) :=
s∑
j=1

aijc
k−1
j =

cki
k

(107)

They define the stage order of a Runge-Kutta method; it is the largest n such as both
B(n) and C(n) hold. In particular, it is desired here to have a stage order greater than 1,
so C(1) must hold, resulting in the following additional equation

s∑
j=1

aij = ci (108)

Which is also cited by in A. Iserles in [9] page 39 as a necessary condition for order 1.
This enables the reformulation

c2 = a21

c3 = a31 + a32
(109)

These considerations can be generalised to result in the expansion of the approximation
given in Equation 110, where the expression of the polynomials Φ(τ) can be found for the
first 3 orders in Table 4.

xk+1 = xk +
∑

τ∈{T1∪...∪Tp}

hr(τ)

σ(τ)
Φ(τ)F (τ)(tk) +O(hp+1) (110)

τ

τ1 τ2 τ3,1 τ3,2

σ(τ) 1 1 2 1
r(τ) 1 2 3 3
Φ(τ)

∑
bi

∑
bici

∑
bic

2
i

∑
biaijcj

Table 4: Polynomials in butcher’s tableau coefficients for rooted trees

It is now obvious, by comparing the expression of the true solution in Equation 104
to the expression of the numerical approximation in Equation 110, that in order for the
local error at any step (0 for example) to be of order p + 1 (asymptotic behaviour following
O(hp+1)) all the terms in the sum must cancel. This results in the order conditions presented
in Equation 111
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∀τ ∈ {T1 ∪ ... ∪ Tp} , Φ(τ) =
1

γ(τ)
(111)

Which are equivalent to Theorem 315A from J. Butcher’s book [8].

With all these considerations in mind, one can now verify that the RK4 method satisfies
all conditions up to p = 4, and therefore prove that its order of accuracy is at least 4.
Furthermore, it is shown in U.M. Ascher and L.R Petzold’s book, [1], page 88, that no
method with 4 stages can reach an accuracy of 5, thus proving that the order of the RK4
method is indeed 4.

Figure 44 displays in logarithmic values the variation of the truncation errors when the
step size changes. In both cases, the comparison to the theoretical asymptotic value (O(h5)
for the local error and O(h4) for the global error) match closely, proving that the accuracy
of the implementations corresponds indeed to the theoretical order of accuracy, 4.

(a) Local truncation error for the RK4
method. Logarithmic values

(b) Global truncation error for the RK4
method. Logarithmic values

Figure 44: Truncation errors for the RK4 method

6.5 Stability of the RK4 Method

As described in Subsection 3.6, the stability of a numerical method can be derived from
the test equation

x′(t) = λx(t), x(0) = 1, λ ∈ C, Re(λ) < 0 (112)

Using f(t, x(t)) = λx(t) in Equation 92, yields that for any i ∈ [1, s],

Xi = xk + h

s∑
j=1

aijλXj (113)

That expression can be rearranged into matrix form

X = xk1 + hλAX (114)
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Where A ∈ IRs×s is the A matrix from the Butcher tableau, X = [X1, . . . , Xs]
T and

1 ∈ IRs is a vector of ones. Assuming that (I − hλA) is invertible, then

X = xk(I − hλA)−11 (115)

The first equation of 92 can also be expressed in a matrix form,

xk+1 = xk + hλBTX (116)

Which, becomes, when the RHS of Equation 115 is inserted into X,

xk+1 = xk(1 + hλBT (I − hλA)−11) = xkR(hλ) (117)

Where R is defined as the following polynomial on C,

R(z) = 1 + zBT (I − zA)−11 (118)

This provides a direct way to determine the stability region of any Runge-Kutta method.
Indeed, the terms {xk} follow a geometric progression of reason R(hλ), and therefore,

xk = R(hλ)kx0 (119)

Implying that limk→∞ xk = 0 only when |R(hλ)| < 1. The stability region is therefore:

DRK = {(h, λ) ∈ IR× C | |R(hλ)| < 1} (120)

Specifically, for the RK4 method, Figure 45 displays the stability region of its stability
polynomial.

R(hλ) = 1 + hλ+
(hλ)2

2
+

(hλ)3

6
+

(hλ)4

24
(121)

The red region corresponds to |R(hλ)| > 1, where the method is unstable, and green,
yellow and orange regions correspond to |R(hλ)| < 1 where the method is stable. RK4
is clearly not A-stable as the region of absolute stability is only a portion of the complex
negative half plane. This suggests that RK4 is not well suited to handle stiff problems. It
is worth noting as well that the stability region of the RK4 method far exceeds the stability
region of the explicit Euler method, indicating that the set of step sizes h for which the
method is convergent is not as limited for a given λ.

With this knowledge at hand, the divergence shown on Figure 42 for the step h = 3
could have been predicted. Indeed, for the given λ = −1, and h = 3, the stability polynomial
can be evaluated at R(hλ) = 11

8
> 1, showing directly that the couple (h, λ) does not lie

in the stability region. The strictly positive solution to R(hλ) = 1 for λ = −1 is actually
located around h = 2.785. Figure 46 demonstrates this boundary. On the left side is
displayed the approximation computed with the RK4 method for h = 2.78, and even though
the convergence rate is very slow, the numerical solution is gradually decreasing towards
0, as it should. On the right side is displayed the approximation computed with the RK4
method for h = 2.79, for which the divergence is very clear.
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Figure 45: Region of absolute stability (green) for the RK4 method

(a) h = 0.278 (b) h = 0.279

Figure 46: RK4 method on the test equation for λ = −1 at the stability boundary.
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6.6 Test on the Van der Pol Problem

Once again, the Van der Pol problem can be used to assess the validity of the provided
implementation.

6.6.1 For µ = 2

First, for low stiffness, corresponding to µ = 2, the large step size h = 0.025, which saw
the Euler methods generate unsatisfactory approximations, is sufficiently small for the RK4
method to generate an accurate numerical solution, as shown on Figure 47. This is a direct
demonstration of the higher order of accuracy of the classical Runge-Kutta method.

Figure 47: Classical Runge-Kutta method on the Van der Pol problem. µ = 2 and h = 0.025

6.6.2 For µ = 12

In the case of µ = 12, which implies greater stiffness of the problem, the RK4 method
cannot produce an accurate approximation for h = 0.025, as shown on the left of Figure
48. Even though the overall approximation is quite good, the large step size results in
irregularities in the regions of great variation. Reducing the step size to h = 0.001, results in
a very accurate approximation. No divergence with the default ODE solution is noticeable,
even after a long time, contrary to what was observed for both Euler methods with the same
small step size. This proves the usefulness of higher order methods, reducing the step size
results in a drastic reduction of the truncation error.
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(a) h = 0.025 (b) h = 0.001

Figure 48: Classical Runge-Kutta method on the Van der Pol problem. µ = 12

6.7 Test on the A-CSTR Problem

Here again, the A-CSTR problem can also be used to assess the method’s performance.

6.7.1 CSTR 1D

First, in the 1 dimensional case, displayed in Figure 49, it can be seen that the large step
size does not result in a divergence for the method, as was witnessed for the Euler methods.
Here again, reducing the step size is simply enough to reap the benefits of the high order of
the method and obtain an accurate simulation.

(a) h = 0.175 (b) h = 0.00035

Figure 49: Classical Runge-Kutta method on the CSTR 1D problem.

6.7.2 CSTR 3D

In the case of the 3D case, the results are once more similar to what was obtained in
the 1D case and thus does not result in additional observations.
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(a) h = 0.175
(b) h = 0.00035

Figure 50: Classical Runge-Kutta method on the CSTR 3D problem
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7 Classical Runge-Kutta method with adaptive time step

7.1 Method Description

One of the shortcomings of the classical Runge-Kutta method is that it is not A-Stable.
The choice of the step size h must therefore not only depends on accuracy considerations
but also take convergence into account. This might force the use of very small step sizes for
problems that display quick variations of the true solution, and the additional computations
performed at each step by the method to determine the intermediary values X1, ..., Xs can
result in impractical overall computing times.

Adding a step size controller to the method, which can increase the step size when the
solution displays low variations and decrease it when the variations of the solution increase,
is a good way to use the classical Runge-Kutta method more efficiently.

Similarly to what has precedently been described, notably in section 1.3, an asymptotic
step size controller using step doubling to estimate the local error will improve the standard
implementation of the method. It is worth noting that the expression of the asymptotic
step size controller is slightly different to what has been presented earlier, due to a larger
accuracy order of the method

h′ = max(min_factor,min((
ε

rk+1

)
1
p+1 ,max_factor))h (122)

7.2 Implementation

The RK4 method with adaptive step size can be easily implemented in the same fashion
as to what has been seen before. Having at each iteration a doubled step x̂k to compare
to the actual approximation xk enables local error estimation, which can then be used by
the asymptotic step size controller expressed in Equation 122 to determine an adequate step
size. The following details how the step size controller can be embedded with the pre-exposed
RK4 implementation.

1 def ode_solver(f, J, t0, tf, N, x0 , ** kwargs):
2 dt = (tf - t0) / N
3

4 T = [t0]
5 X = [x0]
6 controllers = {
7 ’r’: [0],
8 ’dt’: [dt]
9 }

10

11 kwargs , abstol , reltol , epstol , facmax , facmin =
parse_adaptive_step_params(kwargs)

12

13 p = P_RK4
14 t = t0
15 x = x0
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16

17 while t < tf:
18 if (t + dt > tf):
19 dt = tf - t
20

21 accept_step = False
22 while not accept_step:
23 # Take step of size dt
24 x_1 = rk4_step(f, t, x, dt, ** kwargs)
25

26 # Take two steps of size dt/2
27 x_hat_12 = rk4_step(f, t, x, dt / 2, ** kwargs)
28 t_hat_12 = t + (dt / 2)
29 x_hat = rk4_step(f, t_hat_12 , x_hat_12 , dt / 2, ** kwargs)
30

31 # Error estimation
32 e = np.abs(x_1 - x_hat)
33 r = np.max(np.abs(e) / np.maximum(abstol , np.abs(x_hat) *

reltol))
34

35 accept_step = (r <= 1)
36 if accept_step:
37 t = t + dt
38 x = x_hat
39

40 T.append(t)
41 X.append(x)
42 controllers[’dt’]. append(dt)
43 controllers[’r’]. append(r)
44

45 dt = np.maximum(facmin , np.minimum (( epstol / r)**(1 / (p + 1))
, facmax)) * dt

46

47 T = np.array(T)
48 X = np.array(X)
49 controllers[’dt’] = np.array(controllers[’dt’])
50 controllers[’r’] = np.array(controllers[’r’])
51

52 return X, T, controllers

Listing 14: Implementation of the RK4 method with asymptotic step size controller
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7.3 Test Equation

Figure 51 displays the output of the RK4 method with adaptive step size on the test
equation for the parameters x0 = 20, tf = 3, λ = −1. As expected, the step size is automat-
ically reduced after a few trials to a level that produces a very accurate approximation.

(a) Comparison of the approximation gen-
erated by the RK4 method with the true
solution.

(b) Step acceptance criterion and evolution
of the step size

Figure 51: RK4 method with step size controller. h0 = 3

It is interesting to study the influence of some of the parameters of the step size controller
on the generated approximation.

First, the minimum factor min_factor with which is updated the step size must be
strictly lower than 1. Otherwise, the step size will never decrease, cancelling all benefits of
the method. The closer to 1 that factor will be, the slower the decrease of the step size will
be, as shown in Figure 52.

(a) min_factor = 0.1 (b) min_factor = 0.9

Figure 52: Influence of the parameter min_factor. The closer to one min_factor is, the
slower the decrease of the step size (bottom line) can be.
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On another hand, the maximum factor max_factor with which is updated the step size
should be strictly greater than 1. If it is lower or equal than one, no increase of the step size
and thus no increase in the performance of the method can be expected. Figure 53 reveals
that dependency for a simulation running all the way to tf = 100, and shows that a larger
maximum factor enables to reach high step values for zones of low variation more quickly.
Nevertheless, this comes at the cost of a potential increased unstability of the step size, with
the step size controller overshooting the range of correct step sizes and having to re-adjust
later on.

(a) max_factor = 1.2 (b) max_factor = 10

Figure 53: Influence of the parameter max_factor. The closer to one max_factor is, the
slower the increase of the step size (bottom line) can be

7.4 Order and Stability

The underlying method, the classical Runge-Kutta method does not change with the
introduction of the step size controller. Its accuracy order is therefore unchanged. For the
same reason, the stability region of the method is the same as the stability region of the
classical Runge Kutta. Nevertheless, the step size controller eliminates the need to consider
stability of the method when defining the step size of the simulation. This is clearly shown
in Figure 51; the step size is originally h = 3, which leads to a divergence of the standard
implementation, while here it is quite clear that step size controller prevents that divergence
alltogether.

7.5 Test on the Van der Pol Problem

To test that indeed the addition of the step size controller to the RK4 method makes
the generated approximation more reliable, the Van der Pol problem shall be used once more
for demonstration.
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7.5.1 For µ = 2

First, for mu = 2, the standard RK4 method already performed adequately, as was
shown in Figure 47. With the addition of the adaptive step size, and even though we cannot
see it visually, it can be guessed that the total error separating the numerical from the true
solution will be reduced. Figure 54 displays the output of the RK4 method with adaptive
step size.

(a) Simulation Result for the RK4 method
with adaptive step size

(b) Evolution of the acceptance criterion
and of the step size from the step size con-
troller

Figure 54: RK4 simulation results on the Van der Pol problem with adaptive step size. µ = 2
and h0 = 0.025

7.5.2 For µ = 12

In the case µ = 12, the standard RK4 could not generate a suitable approximation with
step size h = 0.025, which would force the user of such method to decrease the step size
until reaching a satisfactory numerical solution. With the adaptive step size, specifying as
an initial step size h0 = 0.025 is acceptable; the step size controller will then take care of
choosing a step size resulting in a correct approximation, as shown in Figure 55.
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(a) Simulation Result for the RK4 method
with adaptive step size

(b) Evolution of the acceptance criterion
and of the step size from the step size con-
troller

Figure 55: RK4 simulation results on the Van der Pol problem with adaptive step size.
µ = 12 and h0 = 0.025

7.6 Test on the A-CSTR Problem

Similarly, for the CSTR problem, be it one or three dimensional, the step size controller
determines suitable step sizes in all regimes exhibited by the solution and thus allow the
generation of an accurate numerical simulation by the RK4 method. It is quite striking to
see the variations of the step size along the simulation. It varies frequently between zones
with large step sizes (around h = 0.5) and with small step sizes (h = 0.001) to efficiently
generate a reliable approximation.

7.6.1 CSTR 1D

(a) Simulation Result for the RK4 method
with adaptive step size

(b) Evolution of the acceptance criterion
and of the step size from the step size con-
troller

Figure 56: RK4 simulation results on the CSTR 1D problem with adaptive step size. h0 =
0.175
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7.6.2 CSTR 3D

(a) Simulation Result for the RK4 method
with adaptive step size

(b) Evolution of the acceptance criterion
and of the step size from the step size con-
troller

Figure 57: RK4 simulation results on the CSTR 3D problem with adaptive step size. h0 =
0.175

Page 73 of 102



02686

8 Dormand-Prince 5(4)

8.1 Method Description

The previous section described how the usability of the classical Runge-Kutta method
could be greatly improved with the addition of a step size controller. Nevertheless, this
improvement comes at a cost. The estimation of the local error at any stage lk through
step doubling necessitates 3n operations instead of n, were there no adaptive step size im-
plemented. (n being the number of operations required to evaluate xk+1 from xk). In the
case of a Runge-Kutta method, this increased cost per step can become penalising as the
number of stages grows.

Let’s imagine two different methods that estimate, for the step k, the approximations
xk and x̂k with accuracy of order p and q respectively. Then

xk = x(tk) +O(hp+1) , x̂k = x(tk) +O(hq+1) (123)

And therefore , supposing q > p, the difference of the two approximations results in

x̂k − xk− = x(tk)− xk +O(hp+2) (124)

Thus providing an approximation of the local error for the method that results in the
approximation xk.

In the case of a Runge-Kutta method, most operations at each step are executed to
determine the expressions of the different stages. One can thus imagine a setting where
two Runge-Kutta methods share their intermediate stages, and whose difference is used at
every step to estimate the local truncation error, thus providing an efficient way to equip
the method of lower order with a step size controller.

That is exactly what a Runge-Kutta method with an embedded error estimator, or em-
bedded Runge-Kutta method does. The Dormand Prince 5(4) (DOPRI54) method belongs
to that class. Its main method is a Runge-Kutta method of order 5, and its embedded method
is another Runge-Kutta method, of order 4, that shares the same intermediary stages.

Note here that contrary to the explanation provided earlier, the main method has here a
higher order than the embedded method. This is a common practice, called local extrapola-
tion10, which de-correlates asymptotically the estimated error from the local truncation error,
and instead adds the estimated error in the main method’s approximation as a correction.

10See J. Butcher’s book, [8], page 198
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The Dormand-Prince 5(4) (DOPRI54) Butcher’s tableau is the following:

0
1
5

1
5

3
10

3
40

9
40

4
5

44
45

−56
15

32
9

8
9

19372
6561

−25360
2187

64448
6561

−212
729

1 9017
3168

−355
33

46732
5247

49
176

−5103
18656

1 35
384

0 500
1113

125
192

−2187
6784

11
84

x 5179
57600

0 7571
16695

393
640

−92097
339200

187
2100

1
40

x̂ 35
384

0 500
1113

125
192

−2187
6784

11
84

e −71
57600

0 71
16695

−71
1920

17253
339200

−22
525

1
40

Where the line corresponding to x̂ corresponds to the coefficients of the embedded
method, and the line e to the coefficients of the error estimator, for which the following
holds:

xk+1 = xk + h
s∑
i=1

bif(tk + cih,Xi)

x̂k+1 = xk + h
s∑
i=1

b̂if(tk + cih,Xi)

ek+1 = xk+1 − x̂k+1 = h
s∑
i=1

eif(tk + cih,Xi)

(125)

ek+1 therefore contains for each step an estimated error, for every dimension of the
problem.

Furthermore, another step size controller was implemented here for the DOPRI54 method,
the PI controller. Based on the acceptance criterion described earlier for each step rk, the
PI controller determines the evolution of the step size with:

• If the computed acceptance criterion for the trial, r, verifies r < 1

h′ = h(
ε

r
)kI (

racc
r

)kP

kI =
0.4

p+ 1

kP =
0.3

p+ 1

racc = r

(126)
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• else, use asymptotic step size controller

h′ = (
ε

r
)

1
p+1h (127)

8.2 Implementation

The implementation of the rk_step for embedded Runge-Kutta methods must addition-
ally compute the estimated error. Such improvement is specifically given in the following
code snippet

1 def rk_step(f, t, x, dt, butcher_tableau , ** kwargs):
2 A = butcher_tableau[’A’]
3 B = butcher_tableau[’B’]
4 C = butcher_tableau[’C’]
5

6 if ’E’ not in butcher_tableau.keys():
7 E = np.zeros(B.shape)
8 else:
9 E = butcher_tableau[’E’]

10

11 P = len(C)
12 K = np.zeros ((P, x.shape [0]))
13

14 K[0, :] = f(t, x, ** kwargs)
15

16 for p, (a, c) in enumerate(zip(A[1:], C[1:]) , start =1):
17 t_p = t + dt * c
18 x_p = x + dt * (K.T @ a)
19 K[p, :] = f(t_p , x_p , ** kwargs)
20

21 return x + dt * (K.T @ B), dt * (K.T @ E)

Listing 15: Improvement of the rk step method to handle embedded methods

The following Listing then defines the Butcher’s tableau of the method and how the
dopri54_step provides a wrapper for the generic rk_step with the correct tableau.

1 # Butcher Tableau
2 C = np.array ([0, 1/5, 3/10, 4/5, 8/9, 1, 1])
3 A = np.array ([
4 [0, 0, 0, 0, 0, 0, 0],
5 [1/5, 0, 0, 0, 0, 0, 0],
6 [3/40, 9/40, 0, 0, 0, 0, 0],
7 [44/45 , -56/15, 32/9, 0, 0, 0, 0],
8 [19372/6561 , -25360/2187 , 64448/6561 , -212/729 , 0, 0, 0],
9 [9017/3168 , -355/33, 46732/5247 , 49/176 , -5103/18656 , 0, 0],

10 [35/384 , 0, 500/1113 , 125/192 , -2187/6784 , 11/84 , 0],
11 ])
12 B_hat = np.array ([5179/57600 , 0, 7571/16695 , 393/640 , -92097/339200 ,

187/2100 ,
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13 1/40])
14 B = np.array ([35/384 , 0, 500/1113 , 125/192 , -2187/6784 , 11/84, 0])
15 E = B - B_hat
16

17

18 # Order
19 P_DOPRI54 = 5
20

21

22 def dopri54_step(f, t, x, dt, ** kwargs):
23

24 butcher_tableau = {
25 ’A’: A,
26 ’B’: B,
27 ’C’: C,
28 ’E’: E,
29 }
30

31 return rk_step(f, t, x, dt , butcher_tableau , ** kwargs)

Listing 16: Implementation of the DOPRI54 step as a wrapper of the general RK step

Finally, Listing 17 details how the PI controller is implemented in practice, with the
same heuristic employed for the asymptotic step size controller to bound the evolutions of
the step size.

1 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
2

3 dt = (tf - t0)/N
4

5 T = [t0]
6 X = [x0]
7 controllers = {
8 ’r’: [0.01] ,
9 ’e’: [np.zeros(x0.shape)],

10 ’dt’: [dt],
11 }
12

13 kwargs , abstol , reltol , epstol , facmax , facmin =
parse_adaptive_step_params(kwargs)

14 p = P_DOPRI54
15 k_p = 0.4/(p+1)
16 k_i = 0.3/(p+1)
17

18 t = t0
19 x = x0
20

21 while t < tf:
22 if (t + dt > tf):
23 dt = tf - t
24

25 accept_step = False
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26 while not accept_step:
27 x_hat , e = dopri54_step(f, T[-1], X[-1], dt, ** kwargs)
28 r = np.max(np.abs(e) / np.maximum(abstol , np.abs(x_hat)*reltol

))
29

30 accept_step = (r <= 1)
31 if accept_step:
32 t = t + dt
33 x = x_hat
34 dt = dt * np.maximum(facmin , np.minimum (( epstol/r)**( k_i)

* (controllers[’r’][-1]/r)**( k_p), facmax)) # PI Controller
35

36

37 T.append(t)
38 X.append(x)
39 controllers[’e’]. append(e)
40 controllers[’r’]. append(r)
41 else:
42 dt = np.maximum(facmin , np.minimum (( epstol / r)**(1 / (p +

1)), facmax)) * dt # Asymptotic Controller
43 controllers[’dt’]. append(dt)
44

45

46 T = np.array(T)
47 X = np.array(X)
48 controllers[’dt’] = np.array(controllers[’dt’])
49 controllers[’r’] = np.array(controllers[’r’])
50 controllers[’e’] = np.array(controllers[’e’])
51

52 return X, T, controllers

Listing 17: Implementation of the DOPRI54 method under the ode solver interface

8.3 Test Equation

Again, the test equation is useful to study basic properties of the DOPRI54 method. As
before, the initial point was set to x0 = 1 with parameter λ = −1. Figure 58 displays on the
left the approximated solution by the DOPRI54 method for a very large step h = 2, against
the true solution. On the right is compared the local error estimated by the embedded
method against the true local error for each simulation point. Even though the step size is
very large, The high orders of both the main method and the embedded method result in
accurate approximations for both the solution and the error.

Figure 59 displays the same comparison, but for a step size smaller by an order of
magnitude, h = 0.25. The approximation is this time even more adequate and corresponds to
what could be expected from an explicit Runge-Kutta method of that order. The embedded
method overestimates again the initial local errors, but on a considerably smaller scale, which
is expected.
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(a) Comparison of the DOPRI54 method
against the true solution of the test equa-
tion

(b) Comparison of the estimated local error
from the embedded method with the true
local error for each simulation point

Figure 58: Test of the DOPRI54 method on the test equation, for a step size h = 2

(a) Comparison of the DOPRI54 method
against the true solution of the test equa-
tion

(b) Comparison of the estimated local error
from the embedded method with the true
local error for each simulation point

Figure 59: Test of the DOPRI54 method on the test equation, for a step size h = 0.25
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8.4 Method Order

Using again the test equation, it is possible to measure the evolution of both the local
and global truncation error as a function of the step size h. Figure 60 displays such evolution,
with the local truncation error, on the right, clearly following the asymptotic expected slope
of O(h6), despite the numerical instabilities leading to the oscillations seen on the bottom left
corner, and with the global truncation error, on the left, also clearly following the asymptotic
expected slope of O(h5).

Furthermore, Figure 61 displays the evolution of the estimated local error by the embed-
ded method. It clearly follows the expected asymptotic behaviour of O(h4) and is compared
to the evolution of the true local truncation error, that follows a slope of O(h6).

(a) Local truncation error for the DOPRI54
method. Logarithmic values

(b) Global truncation error for the DO-
PRI54 method. Logarithmic values

Figure 60: Truncation errors for the DOPRI54 method

Figure 61: Asymptotic order for the embedded method. (k=10 for measure).
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8.5 Method Stability

Figure 62 represents the stability region of the DOPRI54 method. The red region
corresponds to where the method is unstable. It corresponds closely to what is expected, as
exposed in the lecture notes, with the characteristic two stable points in the right half-plane.
The stability region is even larger than for the RK4 method and thus indicates that cases
where the step size h needs to be chosen for stability reasons must be even more extreme.

The method nevertheless does not appear, as any explicit method, to be A-stable, and
there must be cases where the DOPRI54 method produces divergent numerical solutions.

Figure 62: Region of absolute stability (green) for the DOPRI54 method
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8.6 Test on the Van der Pol Problem

Again, the Van der Pol problem can be used to test the correctness of the implementation
of the method.

8.6.1 For µ = 2

In the case µ = 2, shown in Figure 63, the method generates a very accurate numerical
approximation, indistinguishable from the trajectory simulated by the default ODE solver.
This is reassuring as they are both supposed to implement the same method. The number
of function evaluations, as revealed on the right portion of the figure is quite limited, with
around 2000 and corresponds to what was obtained for the RK4 method with adaptive step
size. The PI controller and the additional order of accuracy do not seem to bring a significant
increase in performance.

(a) Simulation Result for the DOPRI54
method with adaptive step size (b) Evolution of the acceptance criterion

and of the step size from the step size con-
troller

Figure 63: DOPRI54 simulation results on the Van der Pol problem with adaptive step size.
µ = 2 and h0 = 0.025

8.6.2 For µ = 12

In the stiffer case parametrised by µ = 12, both implementations of the DOPRI54
method seem to coincide again, and both seem to generate an accurate numerical approxi-
mation.
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(a) Simulation Result for the DOPRI54
method with adaptive step size (b) Evolution of the acceptance criterion

and of the step size from the step size con-
troller

Figure 64: DOPRI54 simulation results on the Van der Pol problem with adaptive step size.
µ = 12 and h0 = 0.025

8.7 Test on the A-CSTR Problem

The A-CSTR problem can further validate that both implementations produce similar
results

8.7.1 CSTR 1D

Figure 65 displays the simulation obtained for the DOPRI54 implementation and the
default ODE solver on the CSTR 1D problem. In conformity with what was observed for
the Van der Pol problem, both solutions coincide perfectly. The evolution of the step size
also shows that the step size controller efficiently the particular structure of the solution to
generate a satisfactory solution in less than 1000 iterations.
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(a) Simulation Result for the DOPRI54
method with adaptive step size

(b) Evolution of the acceptance criterion
and of the step size from the step size con-
troller

Figure 65: DOPRI54 simulation results on the CSTR 1D problem with adaptive step size.
h0 = 0.175

8.7.2 CSTR 3D

Figure 66 shows that, once more, the results observed on the 3D model coincide with
those observed on the 1D model.

(a) Simulation Result for the DOPRI54
method with adaptive step size (b) Evolution of the acceptance criterion

and of the step size from the step size con-
troller

Figure 66: DOPRI54 simulation results on the CSTR 3D problem with adaptive step size.
h0 = 0.175
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9 Design your own explicit Runge-Kutta method

9.1 Order Conditions

Designing an explicit Runge-Kutta method requires to determine all coefficients of the
Butcher tableau. The desired method here is of order 3 with an embedded error controller of
order 2. It has been proven (see for example U.M. Ascher and L.R. Petzold’s book, [1], page
88) that it is possible to derive an order 3 method with only three stages. Let’s therefore
write down the desired Butcher tableau as:

0
c2 a21
c3 a31 a32

b1 b2 b3
b̂1 b̂2 b̂3

Determining values of the Butcher’s tableau coefficients resulting in a Runge-Kutta
method of order 3 can be accomplished using the order conditions. Details about such
conditions were already presented in Section 6, resulting in, for order 3:

∀τ ∈ {T1 ∪ ... ∪ T3} , Φ(τ) =
1

γ(τ)
(128)

Where the polynomial expressions Φ and the densities γ associated to rooted trees up
to order 3 are reminded in Table 5.

τ

τ1 τ2 τ3,1 τ3,2

r(τ) 1 2 3 3
σ(τ) 1 1 2 1
γ(τ) 1 2 3 6
α(τ) 1 1 1 1
Φ(τ)

∑
bi

∑
bici

∑
bic

2
i

∑
biaijcj

Table 5: Reminder of the rooted tree properties

Furthermore, the row sum condition, necessary for any Runge-Kutta of stage order
greater than 1 was also exposed in Section 6 and is reminded in the following equation, that
must hold for any i ∈ [1, s]

s∑
j=1

aij = ci (129)
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Combining the previous conditions yields the following system of equations for the
Butcher’s tableau coefficients 

b1 + b2 + b3 = 1

b2c2 + b3c3 = 1
2

b2c
2
2 + b3c

2
3 = 1

3

b3a32c2 = 1
6

a21 = c2

a31 + a32 = c3

(130)

Rearranging the terms of such system reveals that the coefficients c2 and c3 are free
parameters, which determine the values of the rest of the coefficients in the following way:

a21 = c2

a31 =
c3(3c22−3c2+c3)

(3c2−2)c2

a32 = − c23−c2c3
(3c2−2)c2

b1 = (6c3−3)c2−3c3+2
6c2c3

b2 = −3c3+2
6(c2−c3)c2

b3 = 3c2−2
6c3(c2−c3)

(131)

The choice of the free coefficients c2 and c3 must verify c2−c3 6= 0. The following values
were chosen for their simplicity. {

c2 = 1
3

c3 = 2
3

(132)

Consequently determining the rest of the coefficients:

a21 = 1
3

a31 = 0

a32 = 2
3

b1 = 1
4

b2 = 0

b3 = 3
4

(133)
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9.2 Derivation of the Coefficients of the Error Estimator

The embedded error estimator is desired to be of order 2. The exact same conditions,
up to order 2 can be applied on the coefficients b̂1, b̂2 and b̂3. It is also known that only two
stages are needed to result in an order 2 method.11. Consequently, the third coefficient can
be set to b̂3 = 0, resulting in the simple two equations system that follows:{

b̂1 + b̂2 = 1

b̂2c2 = 1
2

(134)

Which has for solution {
b̂1 = −1

2

b̂2 = 3
2

(135)

9.3 Butcher Tableau

Consequently, all coefficients of the Butcher’s tableau of the custom Runge-Kutta method
are determined. The final Butcher’s tableau is thus:

0
1
3

1
3

2
3

0 2
3

1
4

0 3
4

−1
2

3
2

0

9.4 Test Equation

Again, the test equation is useful to study basic properties of this explicit Runge-Kutta
method. As before, the initial point was set to x0 = 1 with parameter λ = −1. Figure 67
displays on the left the approximated solution by the custom Runge-Kutta method for a very
large step size, h = 2, against the true solution. On the right is compared the local error
estimated by the embedded method against the true local error for each simulation point.
The results are encouraging, the method, even though it initially overshoots the trajectory
of the true solution, then corrects its path and converges quickly towards the true solution,
despite the large step size. The embedded method, similarly, first overestimates drastically
the error, but quickly corrects its estimations.

11Again, see for example U.M Ascher and L.R. Petzold’s book, [1], page 88.
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(a) Comparison of the custom RK method
against the true solution of the test equation

(b) Comparison of the estimated local error
from the embedded method with the true
local error for each simulation point

Figure 67: Test of the custom RK method on the test equation, for a step size h = 2

Figure 68 displays the same comparison, but for a step size smaller by an order of magni-
tude, h = 0.25. The approximation is this time clearly more satisfactory and corresponds to
what could be expected from an explicit Runge-Kutta method of that order. The embedded
method overestimates again the initial local errors, but on a considerably smaller scale, thus
suggesting that the decrease in the difference between the estimated and true local error
follows the expected dependence in O(h2).

(a) Comparison of the custom RK method
against the true solution of the test equation

(b) Comparison of the estimated local error
from the embedded method with the true
local error for each simulation point

Figure 68: Test of the custom RK method on the test equation, for a step size h = 0.25
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9.5 Method Order

Using again the test equation, it is possible to measure the evolution of both the local
and global truncation error as a function of the step size h. Figure 69 displays such evolu-
tion, with the local truncation error , on the left, clearly following the asymptotic expected
slope of O(h4), and with the global truncation error, on the right, also clearly following the
asymptotic expected slope of O(h3).

(a) Local truncation error for the custom
RK method. Logarithmic values

(b) Global truncation error for the custom
RK method. Logarithmic values

Figure 69: Truncation errors for the custom RK method

This validates the validity of the implementation of the custom Runge-Kutta method.

Furthermore, Figure 70 displays the evolution of the estimated local error by the embed-
ded method. It clearly follows the expected asymptotic behaviour of O(h2), and is compared
to the evolution of the true local truncation error, that follows a slope of O(h4).

Figure 70: Asymptotic order for the embedded method. (k=10 for measure).
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9.6 Method Stability

Using the previous definition of the stability polynomial for a Runge-Kutta method,
expressed as R(z) = 1+zBT (I−zA)−11, it is straightforward to obtain its exact expression
for the custom Runge-Kutta method:

R(hλ) = 1 + hλ+
(hλ)2

2
+

(hλ)3

6
(136)

Figure 71 displays the stability region of the method. It corresponds very well to the
expected shape, as presented in J. Butcher’s book, [8], page 101, and validates further the
derivation of the method.

Figure 71: Custom RK method stability region

9.7 3D CSTR Test

Finally it is useful to compare the previously derived custom RK method to the default
ODE solver on the CSTR 3D problem to verify with certitude that it generates adequate
numerical solutions. Figure 73 displays the generated approximation for two step sizes,
h = 0.0875 and h = 0.00035. It is worth mentioning that for the previously used large step
size h = 0.175, the generated approximation diverged completely from the true solution as
can be seen in Figure 72.

Page 90 of 102



02686 9.7 3D CSTR Test

Figure 72: Divergence of the custom RK method for h = 0.175 on the CSTR problem

Apart from the divergence, the derived Runge-Kutta method generates an adequate
approximation to the true solution, as represented by how closely it matches the simulation
of the default ODE solver. For the larger step size, the imprecisions appearing in zones of
high variations, correspond closely to what has been seen before for other explicit methods.

(a) h = 0.075
(b) h = 0.00035

Figure 73: Simulation results from the custom RK method on the A-CSTR problem.
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10 ESDIRK23

10.1 Method Description

As observed earlier, explicit Runge-Kutta methods are not suitable in general for stiff
problems as their stability region is bounded. It was seen with the implicit Euler method
that contrary to explicit methods, implicit methods do not suffer from such limitation.

The explicit singly diagonal implicit Runge-Kutta methods (ESDIRK) thus offer a wel-
come extension of the explicit Runge-Kutta methods for stiff problems. One could imagine
a completely implicit Runge-Kutta method, where all coefficients of the A matrix could be
non null. Nevertheless, In practice simplifications can be imposed on the coefficients of the
A matrix to make stage computations more efficient, while retaining interesting stability
properties.

The family of ESDIRK methods (including the embedded methods) adopts the following
Butcher tableau

0 0
c2 a21 γ
...

...
... . . . ...

1 as1 as2 . . . γ
as1 as2 . . . γ

b̂1 b̂2 . . . b̂s
e1 e2 . . . es

Where γ is the single diagonal element referred to in the term singly diagonal. For such
methods, the first stage is always explicit and trivial

T1 = tk

X1 = xk
(137)

While the rest of the inner stages are implicit.

Ti = tk + hci

Xi = xk + h

s∑
j=1

aijf(Tj,Xj)
(138)

To determine the intermediate steps, a numerical approximation, namely the inexact
Newton’s method is used. It is important to note that the lower triangular definition of A
ensures that any stage only depends on the evaluation of f for prior stages, as well as itself,
considerably simplifying its determination. As for the standard Newton’s method, a residual
function is defined for each stage:

Ri(Xi) := (Xi − hγf(Ti,Xi))− (xk + h

i−1∑
j=1

aijf(Tj,Xj)) = 0 (139)
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Which allows to iteratively update the values of Xi -the nth iteration of the inexact
Newton’s method resulting in the approximation X

[n]
i - using

M∆X
[n]
i = −Ri(X

[n]
i )

X
[n+1]
i = X

[n]
i + ∆X

[n]
i

(140)

With M ≈ Ji(Xi) = ∂Ri
∂Xi

(Xi), and initial step determined with the Euler step

X
[0]
i = xk + cihf(T1,X1) (141)

Until the convergence is reached

||Ri(X
[n]
i )|| = max

j=1,...,D

|Ri(X
[n]
i )j|

max{atolj, rtoljX
[n]
i }

< τ (142)

The approximation M ≈ Ji(Xi) can lead to some divergence and thus to a greater
number of iterations. Defining

α =
||Ri(X

[n+1]
i )||

||Ri(X
[n]
i )||

(143)

allows to monitor the convergence rate. If α ≥ 1, then the estimation of the residual
function is diverging and the iterative process should be stopped, the step size reduced and
M updated. If the convergence is deemed too slow, reducing the step size and/or updating
M is also possible.

After these insights into the inner workings of the methods of the ESDIRK family,
let’s focus on the ESDIRK23 method and derive its stages coefficients using the order and
consistency conditions.

The ESDIRK23 method aims to achieve 2nd order accuracy for its main method, with
an order 3 embedded method for error estimation. Again, U.M. Acher and J.R. Petzold’s
book, [1], page 88, shows that a stage 3 method can be used here. The Butcher’s tableau of
the method is as follows:

0 0
c2 a21 γ
1 a31 a32 γ

a31 a32 γ

b̂1 b̂2 b̂3
e1 e2 e3
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For the main method, considering the order condition exposed in Equation 111 and the
stage order conditions exposed in Equation 108 results in the following system

c2 = a21 + γ

1 = a31 + a32 + γ

a32c2 + γ = 1
2

(144)

Furthermore, it is also desirable for the main method to be L-Stable. This means that its
stability polynomial R should converge to 0 when far away from the origin of the complex
plane, limz→∞R(z) = 0. The stability polynomial of the main method computed using
Equation 118

R(z) =
1

(1− γz)2
(1 + (a31 + a32 − γ)z + (a21a32 − a31γ)z2) (145)

Implying that for L-stability to be verified, the following must hold:

a21a32 − a31γ = 0 (146)

Furthermore, it is also wanted to have an order 2 for the second stage X2. Applying the
pre-exposed stage order conditions in Equation 107, up to order 2, results in the additional
equation12

γc2 =
c22
2

(147)

To sum up, the coefficients of the Butcher’s tableau for the main method must verify

c2 = a21 + γ

1 = a31 + a32 + γ

a32c2 + γ = 1
2

a21a32 − a31γ = 0

γc2 =
c22
2

(148)

There are thus 5 equations and 5 unknowns. The solution corresponding to γ = 2−
√
w

2

will be preferred over γ = 2+
√
w

2
to keep c2 bounded between 0 and 1.

12The rest of the equation for C(1) and C(2) do not provide further information for the system.
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On the other hand, applying again the order conditions on the stage coefficients of the
embedded method result in 

b̂1 + b̂2 + b̂3 = 1

b̂2c2 + b̂3 = 1
2

b̂2c
2
2 + b̂3 = 1

3

2b̂2c2γ + b̂3(c2a32 + γ) = 1
6

(149)

The last two equations are dependent, so overall, there are three equations for 3 un-
knowns, resulting in the now completed Butcher’s tableau

0 0
2γ γ γ
1 1−γ

2
1−γ
2

γ
1−γ
2

1−γ
2

γ
6γ−1
12γ

1
12γ(1−2γ)

1−3γ
3(1−2γ)

1−6γ2
12γ

6γ(1−2γ)(1−γ)−1
12γ(1−2γ)

6γ(1−γ)−1
3(1−2γ)

10.2 Method Stability

The stability polynomial of the ESDIRK23 method becomes

R(hλ) =
1 + (1− 2γ)hλ

(1− γhλ)2
(150)

Which results in the stability region displayed on Figure 74.

Figure 74: Region of absolute stability (only red is unstable) for the ESDIRK23 method
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The ESDIRK23 is thus very clearly A-Stable; its region of stability contains the left
half-plane of the complex space. It is also, by construction L-Stable, as limz→∞R(z) = 0.

This implies that the step size can be chosen for the method only for accuracy reasons.
The convergence is assured. In practice, this means that the method is very well suited to
handle stiff problems.

10.3 Implementation

The interlinking of the inexact Newton’s method, the Runge-Kutta intermediate steps
and the step size controller makes the implementation of the ESDIRK23 method significantly
more complex. It is useful to define buffer arrays that hold the intermediate stages of the
Runge-Kutta method T_stages, X_stages and F_stages and simplify operations inside the
inexact Newton’s method. It is also important to keep track of the number of divergences of
the inexact Newton’s method with step_diverged, in the event of that number reaching the
limit set by the user, the method should stop to indicate that some parameters are probably
wrongly set.

It is also worth mentioning that here also is implemented the PI controller detailed in
Section 8.1 as it is more accurate than the asymptotic step size controller.

The following provides a working implementation of the ESDIRK23 method:

1 # ESDIRK23
2 # Butcher Tableau
3 gamma = (2 - np.sqrt (2)) / 2
4 C = np.array ([0, 2 * gamma , 1])
5 A = np.array ([
6 [0, 0, 0],
7 [gamma , gamma , 0],
8 [(1 - gamma) / 2, (1 - gamma) / 2, gamma]
9 ])

10 B = np.array ([(1 - gamma) / 2, (1 - gamma) / 2, gamma ])
11 B_hat = np.array(
12 [(6 * gamma - 1) / (12 * gamma), 1 / (12 * gamma * (1 - 2 * gamma)),

(1 - 3 * gamma) / (3 * (1 - 2 * gamma))])
13 E = B - B_hat
14

15 P_ESDIRK23 = 3
16

17

18 def ode_solver(f, J, t0, tf, N, x0 , adaptive_step_size=False , ** kwargs):
19

20 dt = (tf - t0) / N
21 t = t0
22 x = x0
23

24 T = [t0]
25 X = [x0]
26 controllers = {
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27 ’dt’: [dt],
28 ’r’: [0],
29 }
30

31 # Parameters needed
32 kwargs , newtons_tol , newtons_max_iters = parse_newtons_params(kwargs)
33 kwargs , abstol , reltol , epstol , facmax , facmin =

parse_adaptive_step_params(kwargs)
34 kwargs , max_diverged_steps , newtons_tau = parse_inexact_newtons_params

(kwargs , epstol)
35 kwargs , hmax , hmin = parse_adaptive_step_params_esdirk(kwargs)
36

37 p = P_ESDIRK23
38 D = x0.shape [0]
39 I = np.eye(D)
40 T_stages = np.zeros ((p,))
41 X_stages = np.zeros ((p, D))
42 F_stages = np.zeros ((p, D))
43

44 F_stages[-1, :] = f(t, x, ** kwargs)
45

46 n_steps = 1
47 n_diverged_steps = 0
48

49 while (t < tf) & (n_diverged_steps < max_diverged_steps):
50

51 if (t + dt > tf):
52 dt = tf - t
53

54 J_eval = J(t, x, ** kwargs)
55 M = I - dt * gamma * J_eval
56 L, U = sp.linalg.lu(M, permute_l=True)
57

58 # Stage 0
59 T_stages [0] = t
60 X_stages[0, :] = x
61 F_stages[0, :] = F_stages[-1, :]
62

63 i = 1
64 step_diverged = False
65 while (i < p) & (not step_diverged):
66

67 # Inexact Newton ’s method
68 T_stages[i] = t + dt * C[i]
69 X_stages[i, :] = x + dt * C[i] * F_stages[i, :] # Initial EE

guess
70 sum_i = x + dt * A[i, :i] @ F_stages [:i, :] # i not included

in :i while it is in matlab
71 F_stages[i, :] = f(T_stages[i], X_stages[i, :], ** kwargs)
72

73 R = X_stages[i, :] - dt * gamma * F_stages[i, :] - sum_i
74

75 # Control convergence of inexact Newton ’s method
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76 r_newton = np.amax(np.abs(R) / np.maximum(abstol , np.abs(
X_stages[i, :]) * reltol))

77

78 n_iter_in_newton = 0
79 r_newton_prev = r_newton
80 while (r_newton > newtons_tau) & (not step_diverged):
81 # Next iteration
82 dX = np.linalg.solve(U, np.linalg.solve(L, -R))
83 X_stages[i, :] = X_stages[i, :] + dX
84

85 # Convergence
86 F_stages[i, :] = f(T_stages[i], X_stages[i, :], ** kwargs)
87 R = X_stages[i, :] - (dt * gamma * F_stages[i, :]) - sum_i
88 r_newton = np.amax(np.abs(R) / np.maximum(abstol , np.abs(

X_stages[i, :]) * reltol))
89 n_iter_in_newton += 1
90

91 # Convergence rate
92 alpha = r_newton / r_newton_prev
93 newton_step_diverged = (alpha >= 1)
94

95 # Nbr iterations
96 reached_max_newton_iterations = (n_iter_in_newton >=

newtons_max_iters)
97

98 # Composed convergence
99 step_diverged = newton_step_diverged |

reached_max_newton_iterations
100

101 # Next stage
102 i += 1
103

104 # Error estimation
105 e = dt * E @ F_stages
106 r_step_control = np.amax(
107 np.abs(e) / np.maximum(abstol , np.abs(X_stages[-1, :]) *

reltol))
108

109 if step_diverged:
110 accept_step = False
111 dt = dt / 2
112 else:
113 accept_step = (r_step_control <= 1)
114

115 if accept_step:
116 if n_steps == 1:
117 dt_modified = (epstol / r_step_control) ** (
118 1 / (p + 1)) * dt # First step ->

asymptotic controller
119 else:
120 dt_modified = (dt / controllers[’dt’][ -1]) \
121 * (( epstol / r_step_control) ** (1 / (

p + 1))) \
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122 * (( controllers[’r’][-1] /
r_step_control) ** (1 / (p + 1))) \

123 * dt # PI controller
124

125 dt = np.minimum(np.maximum(dt_modified , dt * hmin), dt *
hmax)

126 else:
127 dt = (epstol / r_step_control) ** (1 / (p + 1)) * dt #

Rejected step -> asymptotic controller
128

129 controllers[’dt’]. append(dt)
130 controllers[’r’]. append(r_step_control)
131

132 if accept_step:
133

134 t = T_stages [-1]
135 x = np.copy(X_stages[-1, :])
136

137 T.append(t)
138 X.append(x)
139

140 n_steps += 1
141 n_diverged_steps = 0
142

143 else:
144 n_diverged_steps += 1
145

146 if n_diverged_steps == max_diverged_steps:
147 print(f"/!\\ Max diverged steps {max_diverged_steps} reached , the

solver stopped.")
148

149 T = np.array(T)
150 X = np.array(X).reshape ((-1, x0.shape [0]))
151 controllers[’dt’] = np.array(controllers[’dt’])
152 controllers[’r’] = np.array(controllers[’r’])
153

154 return X, T, controllers

Listing 18: Implementation of the ESDIRK23 method
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10.4 Test on the Van der Pol Problem

10.4.1 For µ = 2

Testing the ESDIRK23 on the Van der Pol problem for µ = 2 results, thanks notably
to the embedded step size controller in a very accurate numerical solution as can be seen
in Figure 75. The generated approximation is completely indistinguishable from the default
ODE solver. This comes nevertheless at the cost of a high number of function evaluations
as suggested by the plot of the controller’s acceptance criterion and determined step size. It
is intriguing to see that the number of function evaluations (more than 300 000) far exceeds
what can be seen for the stiffer version of the Van der Pol problem with µ = 12 (around 85
000), as shown in Figure 76. This is explained by the largest step size reached, only 0.08 for
the case µ = 2 compared to 0.6 for the case µ = 12. It is certainly because in the case of
µ = 2, there are no zones with low enough variation to increase significantly the step size
and reduce the total number of required function evaluations.

This suggests that the ESDIRK23 method is best employed for problems displaying
zones of with varying degrees of variations from very high to low, as opposed to problems
with low constant variations.

(a) Simulation generated by the ESDIRK23
method

(b) Evolution of the acceptance criterion
and of the step size from the controller

Figure 75: ESDIRK23 method on the Van der Pol problem. µ = 2

10.4.2 For µ = 12

As hinted earlier, the generated numerical solution for the stiff case µ = 12 is also very
accurate, and is much more efficiently computed, as shown in Figure 76.
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(a) Simulation generated by the ESDIRK23
method (b) Evolution of the acceptance criterion

and of the step size from the controller

Figure 76: ESDIRK23 method on the Van der Pol problem. µ = 12

10.5 Test on the A-CSTR Problem

The aforementioned hypothesis is further confirmed by testing the ESDIRK method
on both versions of the A-CSTR problem. This problem displays the characteristic - zones
of low variation and zones of high variation with fast transitions- that should incites the
ESDIRK23 method to generate efficiently a very accurate approximation.

10.5.1 CSTR 1D

Figure 77, that displays the generated numerical solution on the CSTR 1D problem
indeed shows its accuracy. Furthermore, the right part of the figure, which displays the
evolution of step size along the simulation (top row) demonstrates that the method is indeed
able to very efficiently vary its step size, in a relatively low total number of function iterations
to produce a valid numerical approximation.

(a) Simulation generated by the ESDIRK23
method

(b) Evolution of the acceptance criterion
and of the step size from the controller

Figure 77: ESDIRK23 method on the CSTR 1D problem. h0 = 0.175

Page 101 of 102



02686 10.6 Comparison

10.5.2 CSTR 3D

The findings previously mentioned are once again reinforced by the test on the CSTR
3D problem as shown in Figure 78.

(a) Simulation generated by the ESDIRK23
method

(b) Evolution of the acceptance criterion
and of the step size from the controller

Figure 78: ESDIRK23 method on the CSTR 3D problem. h0 = 0.175

10.6 Comparison

Finally, Figure 79 demonstrates that indeed, in the case of a problem displaying high
degrees of variations, the ESDIRK23 method is superior to any explicit RK method. The Van
der Pol problem was tested for µ = 50, which is a case of extreme stiffness, and shows that
the two explicit methods, the default ODE (which is an implementation of the Dormand-
Prince 4(5) method) and the custom RK method, struggle to produce a regular numerical
approximation in the areas where the solution varies greatly. The ESDIRK23 method, on
the other hand, produces a very stable and regular numerical approximation. The focus
presented on the right side of Figure 79 outlines the unstability of the explicit methods,
which diverge from the more stable ESDIRK23 method.

As was seen with the tests on the Van der Pol problem and the A-CSTR problem, such
stability nevertheless comes at the cost of more function evaluations, and an overall greater
computational cost. The ESDIRK23 method should therefore only be used for very stiff
problems, and its explicit counterparts (mostly DOPRI54) should be preferred otherwise.
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(a) Simulation generated by the three different methods (b) Focus on a zone of great
variation in the solution

Figure 79: Comparison of the ESDIRK23 method against the custom RK method and the
ODE solver for an extremely stiff problem. Van der Pol problem with µ = 50
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Appendix A - Parameters of the A-CSTR model

Parameter Notation Value Units
Density ρ 1.0 kg/L

Specific heat capacity cP 4.186 kJ/(kg.K)
Arrhenius constant k0 e24.6 L/(mol.s)
Activation energy Ea/R 8500 K
Reaction enthalpy ∆Hr -560 kJ/mol
Reactor volume V 0.105 L

Inlet concentration of A CA 1.6/2 mol/L
Inlet concentration of B CB 2.4/2 mol/L

Inlet temperature Tin 273.65 K
β -∆Hr/(ρcP )

Table 6: Parameters of the A-CSTR problem
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